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Why Quantum Tomography?

2

<latexit sha1_base64="ow4XxU/MOm0uYWO5y81ConV3qco="></latexit>

Xreference
<latexit sha1_base64="zAmMPFPUOAKTQrgA9ZMbdtyhhsY="></latexit>

Xactual

Shor’s algorithm

Why? 

diagnosing hardware issues 

verifying if quantum error-correction will apply 

verifying entanglement, etc.

(strictly speaking, full tomography 

 may not be required, as we’ll see. 

 Also related to randomized benchmarking)

Theory Reality

What is          ?
<latexit sha1_base64="zAmMPFPUOAKTQrgA9ZMbdtyhhsY="></latexit>

Xactual
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Quantum Tomography (simplified)

3

A quantum state

<latexit sha1_base64="RnT6kGWseSo4RFAon2rjkfJSXY0="></latexit>

X 2 X
def

= {X 2 C
d×d : X = X∗, X ⌫ 0, tr(X) = 1}

<latexit sha1_base64="ddDcNV6Lt6xykCj8z0xIO+eq8bQ="></latexit>

d = 2
number of qubits

<latexit sha1_base64="S0auceiOnIW8DvJIXWjEnyMf9tE="></latexit>

X = |ψihψ|
(note: pure states correspond to rank 1 matrices)

warning: mix of optimization, stat & physics notation 

Capital X means matrix, not random variable

Mathematical structure:

row vectorcolumn vector

<latexit sha1_base64="1AHLkCWlcp/5SLh3nceCgeAi/fo="></latexit>

{X 2 C
d×d : X = X∗} a real Hilbert space,

hX,W i = Re[tr(X∗W )] = tr(XW )
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Quantum Tomography (simplified)

4

A quantum state

<latexit sha1_base64="RnT6kGWseSo4RFAon2rjkfJSXY0="></latexit>

X 2 X
def

= {X 2 C
d×d : X = X∗, X ⌫ 0, tr(X) = 1}

Collect noisy linear measurements. Informally,
<latexit sha1_base64="TC5Hyl541f23+fTZELrPsAu+c2c="></latexit>

y = A(X)
| {z }

pX

+z
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Quantum Tomography (simplified)

5

A quantum state

<latexit sha1_base64="RnT6kGWseSo4RFAon2rjkfJSXY0="></latexit>

X 2 X
def

= {X 2 C
d×d : X = X∗, X ⌫ 0, tr(X) = 1}

Collect noisy linear measurements. Informally,

More precisely, use Born’s rule:

<latexit sha1_base64="TFBkaLuWpdoOezAzo8VoAy1Wkk0="></latexit>

p = pX

<latexit sha1_base64="5bK1bSRCsqUg5SFT7bD+MVefPgo="></latexit>

y ∼ multinomial(pX , n)

POVM (Pos. Operator-Valued Measure) 
[easy to generalize to multiple POVM too]

<latexit sha1_base64="TC5Hyl541f23+fTZELrPsAu+c2c="></latexit>

y = A(X)
| {z }

pX

+z

Ex: tenso

<latexit sha1_base64="S0auceiOnIW8DvJIXWjEnyMf9tE="></latexit>

X = |ψihψ|

<latexit sha1_base64="8yCUGR+m6YeyxrP4eJdgoN40f+w="></latexit>

Ai = |λiihλi|

Simple case: state is pure, POVM is observable w/ discrete spectrum

<latexit sha1_base64="8/lF4l57rR8IDSTnA5qrJ6ymtME="></latexit>

tr(A∗

i
X) = |hλi | ψi|

2
2 [0, 1]

<latexit sha1_base64="ovCSRcqMG/1xOMioPh8r7xOuJ8o="></latexit>

pi = tr(A∗

i
X), i = 1, . . . , N <latexit sha1_base64="juDWzwFiSEl1TvsJENGCJAxFKCI="></latexit>

{Ai}
N

i=1
: Ai ⌫ 0,

NX

i=1

Ai = I
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Fidelity estimation

6

Often, our goal is simpler: just estimate the fidelity with a reference state

<latexit sha1_base64="oTbdTL6OeVaGXHUoIRD1+fBaC4c="></latexit>

g(X)
def

= F (X,Xreference)

… so we just want a linear functional
<latexit sha1_base64="ow4XxU/MOm0uYWO5y81ConV3qco="></latexit>

Xreferencesince almost always             is a pure state.

<latexit sha1_base64="H2bCChK+xT3q4x0yTaFAFTjtBRg="></latexit>

F (Xactual, Xreference)The quantity we want to know is

<latexit sha1_base64="yWlLiSV6JwYBZbuUPMnPHZEoJnw="></latexit>

F (X,W )
def

=
⇣

tr(
p

X1/2WX1/2
⌘2

∈ [0, 1] if X,W ∈ X

= tr(XW ) if either X,W is pure



Stephen Becker (CU) Optimization for Estimators Math of Complex Data. Stockholm, June 2022

Fidelity estimation

7

Often, our goal is simpler: just estimate the fidelity with a reference state

<latexit sha1_base64="oTbdTL6OeVaGXHUoIRD1+fBaC4c="></latexit>

g(X)
def

= F (X,Xreference)

… so we just want a linear functional

Why? Used for diagnosing quantum systems 

Goals: 

1. As few POVMs and repetitions as possible 

2. High accuracy: low bias and low variance 

3. Confidence intervals… especially for error correction.

<latexit sha1_base64="ow4XxU/MOm0uYWO5y81ConV3qco="></latexit>

Xreferencesince almost always             is a pure state.

<latexit sha1_base64="yWlLiSV6JwYBZbuUPMnPHZEoJnw="></latexit>

F (X,W )
def

=
⇣

tr(
p

X1/2WX1/2
⌘2

∈ [0, 1] if X,W ∈ X

= tr(XW ) if either X,W is pure
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One approach

8

<latexit sha1_base64="bTcyMmbzzEfAVbsZfVAxZsGKqTY="></latexit>

bX = argmin
X∈X kXk∗ s.t. A(X) ⇡ y Gross, Liu, Flammia, B., Eisert; PRL ’10

<latexit sha1_base64="BFCbeqKeI+v5bmoZF6BF6swqyYA="></latexit>

F ( bX,Xreference)

then “plug-in” estimator into fidelity:

is our estimate of

(or MLE, etc.)

<latexit sha1_base64="H2bCChK+xT3q4x0yTaFAFTjtBRg="></latexit>

F (Xactual, Xreference)

nuclear norm
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One approach

9

<latexit sha1_base64="bTcyMmbzzEfAVbsZfVAxZsGKqTY="></latexit>

bX = argmin
X∈X kXk∗ s.t. A(X) ⇡ y Gross, Liu, Flammia, B., Eisert; PRL ’10

<latexit sha1_base64="BFCbeqKeI+v5bmoZF6BF6swqyYA="></latexit>

F ( bX,Xreference)

<latexit sha1_base64="wYsNBVtbiKtFRDxPX06RxRXQHYM="></latexit>

bX = Xreference

then “plug-in” estimator into fidelity:

is our estimate of

(or MLE, etc.)

This works best if actual state is low-rank 

Sometimes state is also sparse… could exploit this prior information too! 

… in fact, we expect actual state to be close to reference state, so why not                     ? 

But then                            is very biased! 

<latexit sha1_base64="H2bCChK+xT3q4x0yTaFAFTjtBRg="></latexit>

F (Xactual, Xreference)

<latexit sha1_base64="b91IdyPN8oRNev/IO//y2BL87AA="></latexit>

F ( bX,Xreference) = 1
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Cutting out the middle-man

10

(or simplify and 

take           )

Observations/Data

<latexit sha1_base64="tlKErtzq+1StoENh8tzh96aPCwQ="></latexit>

n → ∞

[Reminder: n = repetitions/shots, N = size of POVM]

<latexit sha1_base64="UPM36MKZ9HNnShUyUiBHSQJdATg="></latexit>

bX

<latexit sha1_base64="6W8904OKGs6NsDdqKyRrhpHP89Q="></latexit>

ĝ = g( bX)

Final EstimateIntermediate estimate 

(often via optimization)

<latexit sha1_base64="2HSeguX1PYStrgxd/fWQ4LP0hSc="></latexit>

ĝ = algo(y)
another path

intermediate estimator 

(often via optimization); 

independent of data

Number of parameters

<latexit sha1_base64="cpi8DEu3jFJA91t1lSYI8UDIAuE="></latexit>

. N

<latexit sha1_base64="TvifazrHVzjjePUfsZL0CT+Q3ZU="></latexit>

d
2
= 2

2×#qubits

(complex-valued)

<latexit sha1_base64="nTRp4qznB7bB3ZhHZMo+GDe+TKc="></latexit>

1

Ex: MLE

<latexit sha1_base64="LUJOsc+81SORdg7b2q+h0TOiw8Q="></latexit>

pX ∈ [0, 1]N

<latexit sha1_base64="jeJ3wWtovnkLwL1PiszlZiyB9Hc="></latexit>

y ∈ N
N
, n

Number of parameters Number of parameters

usual path
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Is this possible?

11

Instead of POVM, take orthonormal basis for        ;  e.g., the tensor product of all Paulis

<latexit sha1_base64="tqDfSk6FsPYtE/H3BK5NuR+gTNM="></latexit>

n → ∞Ignore “noise” for now, i.e., take # of repetitions/shots 

Take measurements using this rule:

<latexit sha1_base64="qyIuF9bSZp4p5AwEmpIBvoV41GU="></latexit>

C
d×d

(each basis element induces its own POVM, 

so this is a multi-POVM setting)

observation computable

(i.e., this tells us which i to measure)

<latexit sha1_base64="qMkeKEH0xN3EeaAZqZV+8UESJ0M="></latexit>

{Vi}
N=d

2

i=1

<latexit sha1_base64="ie1Nayh4kP+r26wrqEgudkwh35g="></latexit>

y =
n

tr(ViX)/tr(ViXref) w.p. tr(ViXref)
2
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Is this possible? yes

12

Instead of POVM, take orthonormal basis for        ;  e.g., the tensor product of all Paulis

<latexit sha1_base64="tqDfSk6FsPYtE/H3BK5NuR+gTNM="></latexit>

n → ∞Ignore “noise” for now, i.e., take # of repetitions/shots 

Take measurements using this rule:

then:

Take repeated measurements 

and use concentration inequalities:

Direct Fidelity Estimation from Few Pauli Measurements

Steven T. Flammia
1
and Yi-Kai Liu

2

PRL 106, 230501 (2011) P HY S I CA L R EV I EW LE T T E R S

Practical Characterization of Quantum Devices without Tomography

Marcus P. da Silva,
1,2

Olivier Landon-Cardinal,
2
and David Poulin

2

PRL 107, 210404 (2011) P HY S I CA L R EV I EW LE T T E R S 18

<latexit sha1_base64="qyIuF9bSZp4p5AwEmpIBvoV41GU="></latexit>

C
d×d

(each basis element induces its own POVM, 

so this is a multi-POVM setting)

<latexit sha1_base64="qMkeKEH0xN3EeaAZqZV+8UESJ0M="></latexit>

{Vi}
N=d

2

i=1

<latexit sha1_base64="ie1Nayh4kP+r26wrqEgudkwh35g="></latexit>

y =
n

tr(ViX)/tr(ViXref) w.p. tr(ViXref)
2

<latexit sha1_base64="AZjhVWiF1yRTv2XIx9TgsC+cyUI="></latexit>

E[y] =
d
2X

i=1

tr(ViX)tr(ViXref)

= tr(XXref) (inner prod. independent of o.n.b.)

= g(X)
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Other approaches… with a focus on confidence intervals
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Maximum Likelihood Estimation (MLE)
<latexit sha1_base64="qIU8U2Rdr+cSNX+BnKrN+Hx14W0="></latexit>

L(X) = − logP[Y = y | X]

negative log-likelihood

<latexit sha1_base64="8/CxZgkBboqALcllu4xpgKne5dU="></latexit>

bXMLE

def

= argmin
X∈X L(X)
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Other approaches… with a focus on confidence intervals
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Maximum Likelihood Estimation (MLE)
<latexit sha1_base64="qIU8U2Rdr+cSNX+BnKrN+Hx14W0="></latexit>

L(X) = − logP[Y = y | X]

negative log-likelihood

<latexit sha1_base64="8/CxZgkBboqALcllu4xpgKne5dU="></latexit>

bXMLE

def

= argmin
X∈X L(X)

Better: Profile Likelihood (PL)

<latexit sha1_base64="rlERWvzXT2aQO3MXmp7rBFNV47Q="></latexit>

PL(γ)
def

= min X∈X

g(X)=γ
L(X)

<latexit sha1_base64="Kp3YaJFK+hFumqE/LDLmTUR6HTM="></latexit>

PL(γ)

<latexit sha1_base64="EZ6hAoKlAruQOisBO4WIvWctKDg="></latexit>

γ

MLE

<latexit sha1_base64="vWYMyl7/97bChbSjeDKtLAmv+xI="></latexit>

γ1
<latexit sha1_base64="k+3BBAIp2/nWNN1uVBXj44lTVlE="></latexit>

γ2

set likelihood cutoff 

[via asymptotics, e.g., Wilks’ Thm]

… get confidence interval:                with some probability
<latexit sha1_base64="McD9kOctjXSMkGmYR+0ECFUOR0Q="></latexit>

g ∈ [γ1, γ2]

fidelity
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fidelity

Other approaches… with a focus on confidence intervals
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Maximum Likelihood Estimation (MLE)
<latexit sha1_base64="qIU8U2Rdr+cSNX+BnKrN+Hx14W0="></latexit>

L(X) = − logP[Y = y | X]

negative log-likelihood

<latexit sha1_base64="8/CxZgkBboqALcllu4xpgKne5dU="></latexit>

bXMLE

def

= argmin
X∈X L(X)

Better: Profile Likelihood (PL)

<latexit sha1_base64="rlERWvzXT2aQO3MXmp7rBFNV47Q="></latexit>

PL(γ)
def

= min X∈X

g(X)=γ
L(X)

<latexit sha1_base64="Kp3YaJFK+hFumqE/LDLmTUR6HTM="></latexit>

PL(γ)

<latexit sha1_base64="EZ6hAoKlAruQOisBO4WIvWctKDg="></latexit>

γ

MLE

<latexit sha1_base64="vWYMyl7/97bChbSjeDKtLAmv+xI="></latexit>

γ1
<latexit sha1_base64="k+3BBAIp2/nWNN1uVBXj44lTVlE="></latexit>

γ2

set likelihood cutoff 

[via asymptotics, e.g., Wilks’ Thm]

… get confidence interval:                with some probability
<latexit sha1_base64="McD9kOctjXSMkGmYR+0ECFUOR0Q="></latexit>

g ∈ [γ1, γ2]

Other approaches:  

SDP / matrix completion 

2 step: Least squares, then project
(same drawback as PL: how to choose parameter?)

<latexit sha1_base64="VkD0M0jKZNkh6+Jj/JpM35RYiEI="></latexit>

γ1 = min
X∈X

kA(X)−yk✏

g(X), γ2 = max
X∈X

kA(X)−yk✏

g(X)
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fidelity

Other approaches… with a focus on confidence intervals
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Maximum Likelihood Estimation (MLE)
<latexit sha1_base64="qIU8U2Rdr+cSNX+BnKrN+Hx14W0="></latexit>

L(X) = − logP[Y = y | X]

negative log-likelihood

<latexit sha1_base64="8/CxZgkBboqALcllu4xpgKne5dU="></latexit>

bXMLE

def

= argmin
X∈X L(X)

Better: Profile Likelihood (PL)

<latexit sha1_base64="rlERWvzXT2aQO3MXmp7rBFNV47Q="></latexit>

PL(γ)
def

= min X∈X

g(X)=γ
L(X)

<latexit sha1_base64="Kp3YaJFK+hFumqE/LDLmTUR6HTM="></latexit>

PL(γ)

<latexit sha1_base64="EZ6hAoKlAruQOisBO4WIvWctKDg="></latexit>

γ

MLE

<latexit sha1_base64="vWYMyl7/97bChbSjeDKtLAmv+xI="></latexit>

γ1
<latexit sha1_base64="k+3BBAIp2/nWNN1uVBXj44lTVlE="></latexit>

γ2

set likelihood cutoff 

[via asymptotics, e.g., Wilks’ Thm]

… get confidence interval:                with some probability
<latexit sha1_base64="McD9kOctjXSMkGmYR+0ECFUOR0Q="></latexit>

g ∈ [γ1, γ2]

Other approaches:  

SDP / matrix completion 

2 step: Least squares, then project

Guţă, Kahn, Kueng, Tropp; J. Phys. A: Math. Theor. 2020
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Shortcomings of other approaches

17

MLE
Profile 

likelihood
SDP

Direct Fidelity 
Estimation

(2-step) 
Projected Least-

Squares

Proposed 
minimax 
estimate

Rigorous?

Doesn’t assume

Avoids 
unknown 

parameters

Computable 
before seeing 

data

Applies to any 
measurement 

setting

Computational 
speed

<latexit sha1_base64="tlKErtzq+1StoENh8tzh96aPCwQ="></latexit>

n → ∞

rigorous version 

isn’t tight

*

*

Great Ok OfflineBadBadBad

some methods solvable by hand under certain settings
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Minimax approach

18

The Annals of Statistics

2009, Vol. 37, No. 5A, 2278–2300

DOI: 10.1214/08-AOS654

© Institute of Mathematical Statistics, 2009

NONPARAMETRIC ESTIMATION BY CONVEX PROGRAMMING

BY ANATOLI B. JUDITSKY AND ARKADI S. NEMIROVSKI
1

Université Grenoble I and Georgia Institute of Technology

The problem we concentrate on is as follows: given (1) a convex compact

set X in R
n, an affine mapping x !→ A(x), a parametric family {pµ(·)} of

probability densities and (2) N i.i.d. observations of the random variable ω,

distributed with the density pA(x)(·) for some (unknown) x ∈ X, estimate the

value gT x of a given linear form at x.

For several families {pµ(·)} with no additional assumptions on X and A,

we develop computationally efficient estimation routines which are minimax

optimal, within an absolute constant factor. We then apply these routines to

recovering x itself in the Euclidean norm.

See also ch 7.4 in Boyd & Vandenberghe 

for more interesting applications 

(designing Chernoff bounds)

Used in our paper

What I’ll present today 

to convey main idea

ch. 3
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Prior knowledge:           (always convex; often compact)

Setup

19

<latexit sha1_base64="JxsJXt+f5KUkPsFy9fNOIgLQwo4="></latexit>

y = A(x) + z

(if noise not iid, then whiten and do change-of-variables)

<latexit sha1_base64="/+9BXKkxrqNyWy6YHEE2Eza2hEw="></latexit>

x ∈ X

<latexit sha1_base64="nh2qgkSWApAMDeoS55Ksf3IbnJ0="></latexit>

A : R
d
→ R

m
is linear

<latexit sha1_base64="NkgN3JghFquRdN32OCBh1Mk7PDw="></latexit>

Z ∼ N (0, σ2I)
<latexit sha1_base64="X8j5MBBQHsHXKVbROcHI2dr0Dww="></latexit>

Y = A(x) + Z
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Prior knowledge:           (always convex; often compact)

Setup

20

<latexit sha1_base64="JxsJXt+f5KUkPsFy9fNOIgLQwo4="></latexit>

y = A(x) + z

(if noise not iid, then whiten and do change-of-variables)

<latexit sha1_base64="/+9BXKkxrqNyWy6YHEE2Eza2hEw="></latexit>

x ∈ X

Goal: design an estimator    with small risk
<latexit sha1_base64="uFsHMpC+1fKixHWJwjG28wW5jAY="></latexit>

r(ĝ,x)
<latexit sha1_base64="C8A/uyHe3xZ/fqO+2Jlb+mz/vss="></latexit>

ĝ

Ex.

Focus on this 

for exposition

i.e., confidence 

intervals. Use this 

for our quantum setting.

<latexit sha1_base64="nh2qgkSWApAMDeoS55Ksf3IbnJ0="></latexit>

A : R
d
→ R

m
is linear

<latexit sha1_base64="NkgN3JghFquRdN32OCBh1Mk7PDw="></latexit>

Z ∼ N (0, σ2I)
<latexit sha1_base64="X8j5MBBQHsHXKVbROcHI2dr0Dww="></latexit>

Y = A(x) + Z

<latexit sha1_base64="7YbcwR7kI9Ln+ifJI6oyubwF7OI="></latexit>

r(ĝ,x) = E[(ĝ(Y)− g(x))
2
]

<latexit sha1_base64="eaRbXm7BH9RhoWcaEg0MyIVEV4A="></latexit>

r(ĝ,x) = E[|ĝ(Y)− g(x)|]

<latexit sha1_base64="a1oBzCwmPibm69nkzdzvlxqhiyM="></latexit>

rα(ĝ,x) = inf δ s.t. P[|ĝ(Y)− g(x)| ≤ δ] ≥ 1− α

(as before, g is a linear functional)
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Prior knowledge:           (always convex; often compact)

Setup

21

<latexit sha1_base64="JxsJXt+f5KUkPsFy9fNOIgLQwo4="></latexit>

y = A(x) + z

(if noise not iid, then whiten and do change-of-variables)

<latexit sha1_base64="/+9BXKkxrqNyWy6YHEE2Eza2hEw="></latexit>

x ∈ X

Goal: design an estimator    with small risk
<latexit sha1_base64="uFsHMpC+1fKixHWJwjG28wW5jAY="></latexit>

r(ĝ,x)
<latexit sha1_base64="C8A/uyHe3xZ/fqO+2Jlb+mz/vss="></latexit>

ĝ

In particular, look at minimax risk
<latexit sha1_base64="H9KDRjT9lIupNsouK6txDghQw6g="></latexit>

R? = inf
ĝ

sup
x∈X

r(ĝ,x)

<latexit sha1_base64="+FOYJrwYOPoLGVVCBAaZ0cZ2yys="></latexit>

R?

affine = inf
ĝ affine

sup
x∈X

r(ĝ,x)

and minimax affine risk

Ex.

<latexit sha1_base64="nh2qgkSWApAMDeoS55Ksf3IbnJ0="></latexit>

A : R
d
→ R

m
is linear

<latexit sha1_base64="NkgN3JghFquRdN32OCBh1Mk7PDw="></latexit>

Z ∼ N (0, σ2I)
<latexit sha1_base64="X8j5MBBQHsHXKVbROcHI2dr0Dww="></latexit>

Y = A(x) + Z

<latexit sha1_base64="7YbcwR7kI9Ln+ifJI6oyubwF7OI="></latexit>

r(ĝ,x) = E[(ĝ(Y)− g(x))
2
]

<latexit sha1_base64="eaRbXm7BH9RhoWcaEg0MyIVEV4A="></latexit>

r(ĝ,x) = E[|ĝ(Y)− g(x)|]

<latexit sha1_base64="a1oBzCwmPibm69nkzdzvlxqhiyM="></latexit>

rα(ĝ,x) = inf δ s.t. P[|ĝ(Y)− g(x)| ≤ δ] ≥ 1− α
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Univariate case
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<latexit sha1_base64="/+9BXKkxrqNyWy6YHEE2Eza2hEw="></latexit>

x ∈ X

<latexit sha1_base64="hNj9NYY57NW+lColo+ChQnN6IcQ="></latexit>

r(ĝ,x) = E[(ĝ(y)− g(x))
2
]

<latexit sha1_base64="H9KDRjT9lIupNsouK6txDghQw6g="></latexit>

R? = inf
ĝ

sup
x∈X

r(ĝ,x)

<latexit sha1_base64="+FOYJrwYOPoLGVVCBAaZ0cZ2yys="></latexit>

R?

affine = inf
ĝ affine

sup
x∈X

r(ĝ,x)

[linear operators and closed convex  

sets in 1D are very simple!]

<latexit sha1_base64="X8j5MBBQHsHXKVbROcHI2dr0Dww="></latexit>

Y = A(x) + Z
<latexit sha1_base64="NkgN3JghFquRdN32OCBh1Mk7PDw="></latexit>

Z ∼ N (0, σ2I)

<latexit sha1_base64="nlAunsMQrtxiMl85Onz/TRbi9zA="></latexit>

Y = x+ Z
<latexit sha1_base64="cY6hm/Mp9RUobPgflkZ0RAkQ7vU="></latexit>

Z ∼ N (0, σ2)
<latexit sha1_base64="TrJFhmK0FApd0TuejqQfs+m2C4g="></latexit>

x ∈ [−τ, τ ]

multivariate univariate

<latexit sha1_base64="O9f+4qbdJ8yeKW1ygluJ6SBz+q0="></latexit>

ρ?affine(τ) = min
c,d

max
x∈[−⌧,⌧ ]

E[(cY + d− x)2] =
σ2τ2

σ2 + τ2

<latexit sha1_base64="KL1BQHc0xzz7YqbFWxvZThE2NMQ="></latexit>

ρ
?(τ) ≤ ρ

?

affine(τ) ≤
5

4
ρ
?(τ)

Theorem (Feldman, Brown ’89; Donoho et al. ’90)

<latexit sha1_base64="fWfAv9R3LcuBvdZAUMh4Z5Bl3PI="></latexit>

d? = 0, c? =
τ2

σ2τ2

(no closed form)
<latexit sha1_base64="mx9annX3fouiypSMZbz0VZ9CLX0="></latexit>

ρ?(τ) = inf
ĝ

max
x∈[−⌧,⌧ ]

E[(ĝ(Y )− x)2]

(closed form)

Univariate case is well-understood, and little penalty for restricting to affine estimators
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Reducing multivariate to univariate
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<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)
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Reducing multivariate to univariate
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<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)

<latexit sha1_base64="T5Z3JOPtLibptaNhLi8Pqo0sJFM="></latexit>

xa

<latexit sha1_base64="nGJZWb/w3yyebTURtYUUfre4PmE="></latexit>

xb

<latexit sha1_base64="q2oxKsEHhsRaKj4A4GH/jT0K21w="></latexit>

X
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Reducing multivariate to univariate
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<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)
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Reducing multivariate to univariate
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… a 1D problem, easy to solve!

via a saddle point theorem 

(like strong duality)

<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)

(    always true via weak duality)
<latexit sha1_base64="mI1dDS7DB7aj4/KfEucA7yYo/OU="></latexit>

≥
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Reducing multivariate to univariate
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… a 1D problem, easy to solve!

Inner problem is 1D

<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)

Change of variables
<latexit sha1_base64="aSmkQ3R4xfTHU4wC3BKQlHA+Yds="></latexit>

x ∈ {αxa + (1− α)xb | α ∈ [0, 1]}

<latexit sha1_base64="VaxzpNsQZTKRRVlOjPj5Jrg6GGw="></latexit>

x0 =
xa + xb

2

<latexit sha1_base64="L6ZCPxH2UQOiRK1LS8oROaNfxAg="></latexit>

τ = kA(xa − xb)k/2

<latexit sha1_base64="AdX2nA8NDB9SpKdE4R0m0Bv1ofU="></latexit>

w0 = A(xa − xb)/kA(xa − xb)k

<latexit sha1_base64="G59qcifmELrnVZfSMkS9e5WrZUY="></latexit>

x = hw0,A(x− x0)i 2 [−τ, τ ]
<latexit sha1_base64="w+gc52TOITuDwMji3d6NamYNizc="></latexit>

Y = hw0,y −A(x0)i ⇠ N (x, σ2)
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Reducing multivariate to univariate
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<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)
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Reducing multivariate to univariate

29

<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)

<latexit sha1_base64="lGXu4jKJw5Rqg4qZ2zhJkddGYsI="></latexit>

!(✏)
def

= sup
xa,xb∈X

{|g(xa)− g(xb)| : kA(xa − xb)k  ✏}

Example:    is ball of diameter D
<latexit sha1_base64="q2oxKsEHhsRaKj4A4GH/jT0K21w="></latexit>

X

<latexit sha1_base64="Wrb10avDoK2oGp/6kmCT3ntZxv0="></latexit>

!(✏) = kAkmin(✏,D)

<latexit sha1_base64="6c0RKtxdUOgHDTKcjop876rB/18="></latexit>

!(✏)

✏
= kAkmin

✓

1,
D

✏

◆
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Furthermore: 

1. sup=max 

2. argmax computable 

3. Affine sub-optimality carries over from 1D (and invoke Brown-Cohen-Strawderman)

… a 1D problem, easy to solve!

<latexit sha1_base64="zbEjAh3f2SzAoOeg3bvayRKue9o="></latexit>

R?
affine = inf

ĝ affine
sup
x2X

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

sup
x2xaxb

r(ĝ,x)

= inf
ĝ affine

sup
xa,xb2X

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

inf
ĝ affine

✓

sup
x2xaxb

r(ĝ,x)

◆

= sup
xa,xb2X

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k

| {z }

⌧

)

= sup
✏≥0

sup
xa,xb∈X

kA(xa−xb)k=✏

✓
g(xa)− g(xb)

A(xa − xb)

◆2

⇢?affine(
1

2
kA(xa − xb)k)

= sup
✏≥0

✓
!(✏)

✏

◆2

⇢?affine(✏/2)

Caveat: I’m not being careful with details 

Donoho doesn’t present it exactly like this
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… back to Juditsky and Nemirovski setting

31

Differences from Donoho: 

Generalized setting 

Chernoff bound style argument (with scalar “TBD”) 

Turns into a perspective function (still convex) 

Doesn’t require Gaussian 

Only for “confidence interval” risk, not MSE risk10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

2

3

4

5

6

7

Theorem Solve saddle-point problem to find (optimal) affine estimator and its confidence interval 

Theorem Risk of affine estimator is within      of the optimal risk
<latexit sha1_base64="Q5Kjbwtzongg/OiFQEuv92RqctM="></latexit>

✓(✏)

<latexit sha1_base64="7YbcwR7kI9Ln+ifJI6oyubwF7OI="></latexit>

r(ĝ,x) = E[(ĝ(Y)− g(x))
2
]

<latexit sha1_base64="eaRbXm7BH9RhoWcaEg0MyIVEV4A="></latexit>

r(ĝ,x) = E[|ĝ(Y)− g(x)|]

<latexit sha1_base64="dDo7iMRO9SvSd1VPJfrIXKrpe8c="></latexit>

r✏(ĝ,x) = inf δ s.t. P[|ĝ(Y)− g(x)| ≤ δ] ≥ 1− ✏
<latexit sha1_base64="XhlgbiIMcjZhb7IE0NbJRvp8EN8="></latexit>

bR? denotes the affine minimax risk, e.g., half the width of the confidence interval

<latexit sha1_base64="+FOYJrwYOPoLGVVCBAaZ0cZ2yys="></latexit>

R?

affine = inf
ĝ affine

sup
x∈X

r(ĝ,x)
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Thanks for listening

32

“Versatile fidelity estimation with confidence”, https://arxiv.org/abs/2112.07925 

“Theory of versatile fidelity estimation with confidence”, https://arxiv.org/abs/2112.07947  

Extensions 

Optimal design ( + more efficient optimization solvers) 

Quantum channels 

More details in slides appendix

This material is based upon work supported by the National Science Foundation under grant no. 1819251.This work utilized the Summit supercomputer, which is supported by the National Science Foundation (awards 

ACI-1532235 and ACI-1532236), the University of Colorado Boulder, and Colorado State University. The Summit supercomputer is a joint effort of the University of Colorado Boulder and Colorado State University. The 

opinions, findings, and conclusions or recommendations expressed are those of the author(s) and do not necessarily reflect the views of the National Science Foundation 

We gratefully acknowledge support by the Austrian Science Fund (FWF), through the SFB BeyondC (FWF Project No. F7109) and the Institut fur Quanteninformation GmbH. We also acknowledge funding from the EU 

H2020-FETFLAG-2018-03 under Grant Agreement no. 820495, by the Office of the Director of National Intelligence (ODNI), Intelligence Advanced Research Projects Activity (IARPA), via US Army Research Office 

(ARO) grant no. W911NF-16-1-0070 and W911NF-20-1-0007, and the US Air Force Office of Scientific Research (AFOSR) via IOE Grant No. FA9550-19-1-7044 LASCEM. This project has received funding from the 

European Union’s Horizon 2020 research and innovation programme under the Marie Skłodowska-Curie grant agreement No 840450.

how to solve saddle point problem 

sample complexity bounds 

empirical demonstrations of tightness 

applied to real quantum data 

comparisons with other methods

https://arxiv.org/abs/2112.07925
https://arxiv.org/abs/2112.07947


Stephen Becker (CU) Optimization for Estimators Math of Complex Data. Stockholm, June 2022

Saddle point problem

33

<latexit sha1_base64="KHA8zyvaVIFPsZmWEP/76vArDls="></latexit>

h(Xa, Xb;φ)
def

= ln

 

N
X

i=1

exp (−φi) tr(AiXa)

!

+ ln

 

N
X

i=1

exp (φi) tr(AiXb)

!

(also generalized to more than 1 POVM)

Here’s the particular saddle point problem to solve:

<latexit sha1_base64="86Kf72XwayfOVBzLlKj7nzLZ6Ow="></latexit>

inf
α>0,φ

sup
Xa,Xb∈X

Φ(Xa, Xb; φ, ↵)
def

= g(Xa)− g(Xb) + 2↵ ln(2/✏) + ↵ · n · h(Xa, Xb;φ/↵)

To solve: 

1. For fixed                         , inf over    has closed form expression 

(and reduces to Hellinger affinity). So make this inner part 

2. For fixed        , solve for                 via Nesterov’s second method 

3. Minimize         using any reasonable 1D method, e.g., scipy’s minimize_scalar

<latexit sha1_base64="KihnUqOEpOiDmXAcXC2FTxVeNV8="></latexit>

φ
<latexit sha1_base64="vyOZ4MtF6rhR4+wZyXB7LPdQycQ="></latexit>

α > 0, Xa, Xb ∈ X

<latexit sha1_base64="zw4ChRkLal3kylNx2bJTJwyUtr8="></latexit>

α > 0
<latexit sha1_base64="lyR9bHMwvpjOtBMwtYjsq+Z0+i8="></latexit>

Xa, Xb ∈ X
<latexit sha1_base64="UhESYqlnm+Lm7EPNiBkUkrVB0pg="></latexit>

α > 0
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Theorem If target state is a stabilizer state, suffices to take                   shots 

(using special Pauli-based POVM)

Physics theorems

34

Theorem For a        confidence interval of width      , must take                 shots/repetitions.
<latexit sha1_base64="KrOn8PkSWbrD+TGg92p0yIstWHI="></latexit>

2 bR?

<latexit sha1_base64="jFScqlb0C7IdoRZmanmiDWZMKTk="></latexit>

1− ✏

Theorem For any n-qubit pure target state, suffices to take                       shots 

(using special Pauli-based POVM).

from Seshadri, Ringbauer, Monz, B. 2021; arXiv 2112.07947

Theorem Scheme is robust against noise/imperfections. 

   (Due to linearity)

<latexit sha1_base64="QiJb2c8HZlVr7Lepr0mXMPGvygI="></latexit>

n &
ln(2/✏)

2 bR2
?

<latexit sha1_base64="uNHG6v+Z2fiS1nlR9qlu7ymLFy4="></latexit>

n ≈ 4
ln(2/✏)

2 bR2
?

<latexit sha1_base64="651U1YvOQFvwQM3WGZ/Jsj4qTuI="></latexit>

n ≈ 2n+2 ln(2/✏)

2 bR2
?
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Binomial example
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Let 
<latexit sha1_base64="GN21lu8mlKpXhaXpwMi9P+6cYvE="></latexit>

N = 2, n = 100

<latexit sha1_base64="kmXZmhXPbhMrN0EunJXptZRTi9E="></latexit>

y1

<latexit sha1_base64="fQZIDkIdWmvIJXYXNyPj+HvO0rg="></latexit>

bg({yi}
1

i=0
) = 0.952

y1

100
+ 0.024

<latexit sha1_base64="cZbL52nfS81ViYIzg0UPQIOiGuk="></latexit>

|0i
<latexit sha1_base64="H8jPYsobE+v0uVTfzV8sA0Tt0ik="></latexit>

|1i

<latexit sha1_base64="oT/0JurVKHoI1NWuhHMnDmIfHv4="></latexit>

y0

<latexit sha1_base64="P/aL+LE0jFTXLzZHpFwFS2Yyxwc="></latexit>

A0 = |0ih0| =



1 0

0 0

]

<latexit sha1_base64="rpFh05vC16fHl817s9Gfrm9PG9E="></latexit>

A1 = |1ih1| =



0 0

0 1

]is # of times (of 100) we measure

POVM:

is # of times (of 100) we measure

<latexit sha1_base64="dGQ2jGOiE69UV39/dhrN0GELqKs="></latexit>

Xreference = |1ih1|

Then our computed estimator, for a 95% confidence interval, is:
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Tightness of risk

36

4 qubit state, use 3/4 of all possible Pauli POVM, 100 repetitions 

Empirically compute “true” risk (=width of confidence interval) over 10k simulations 

Our guaranteed risk is only 1.74x larger

Fidelity

true fidelity

true fidelity

our bound on fidelity
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Comparison to MLE

37

Experimental data: 3 different 4 qubit states, 81 POVM, 100 shots

Minimax method MLE

F Estimate Risk F Estimate MC risk

GHZ 0.84 0.053 0.84 0.023
W 0.89 0.049 0.88 0.019
Cluster 0.79 0.048 0.79 0.020

heuristic estimate via bootstrap; 

sometimes “hedge” away from 0

We can construct states for which MLE + MC/boostrap risk is overconfident 

e.g., POVM is uninformative and MLE returns overconfident risk
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Comparisons to SDP and Profile Likelihood

38

Profile likelihood (PL) isn’t bad, except you don’t know the coverage probability 

(we could calculate it here only because we setup a synthetic simulation)

<latexit sha1_base64="jFScqlb0C7IdoRZmanmiDWZMKTk="></latexit>

1− ✏

better

better
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Computational time

39

State n 1 2 3 4 5

Random
L 3 12 48 192 768

Time 1 min 2.6 min 13.6 min 1.3 hr 13.1 hr

GHZ
L 2 4 8 16 32

Time 23.4 s 2 min 3.8 min 10.9 min 2.2 hr

TABLE II. Time taken to construct the estimator for a ran-
dom n-qubit target state and an n-qubit GHZ state (average
of 3 simulations). We use L = 0.75× 4n Pauli measurements
for the random state, while L = 2n Pauli measurements for
the GHZ state. Total memory (for constructing the estimator
and the data for testing it) for all qubits put together is ap-
proximately 1.2 GB for the random state and 112 MB for the
GHZ state. The computations were performed on a 2.5GHz
CPU without parallelization.


