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OUTLINE 

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization
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N

p X
=⇒

N

psmall Y

xi ∈ Rp, i = 1, . . . , N is converted to yi ∈ Rpsmall , i = 1, . . . , N
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p X
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N

psmall Y

xi ∈ Rp, i = 1, . . . , N is converted to yi ∈ Rpsmall , i = 1, . . . , N

N

psmall Y =

p

psmall Φ

N

p
X

this reduction is often linear, in which case can write as
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Why?
! Faster computation

! Especially if the complexity of subsequent processing is O(p2N )
! If psmall = 0.05p then speedup is 400×

! Denoising (remove irrelevant components)

! Fewer degrees-of-freedom reduces chance of overfitting models

! Visual interpretation (e.g., psmall = {2, 3})

N

psmall Y =

p

psmall Φ

N

p
X

this reduction is often linear, in which case can write as

This is “multidimensional scaling”. Specialized techniques (tSNE, UMAP) are best
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Method 1: PCA (non-linear)
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Principal Component Analysis (aka Hotelling or Karhunen-Loeve transform)

Take SVD

X =
[

U1U2

]

[

Σ1 0
0 Σ2

] [

V T
1

V T
2

]

where ‖Σ2‖ ≈ small. Then PCA takes the form of

Y ← ΦPCA · X

where ΦPCA = U1
T .

Note:

! Costly but linear in N : (O(p2N ) direct, or about O(psmallpN ) Krylov)

! Non-linear, since ΦPCA is determined by X

! Need to process all of X before we can apply yi ← ΦPCA · xi
N

p X
=
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R randomly samples rows

Φrows =
Rpsmall

p

N

psmall Y =

p

psmall Φ

N

p
X

How to choose R?
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R randomly samples rows

Φrows =
Rpsmall

p

N

psmall Y =

p

psmall Φ

N

p
X

How to choose R?

! Uniformly at random (. . . poor performance)

! According to row-norm (. . . better, not great, and slower)

! According to leverage scores based on partial SVD (. . . better, slow)

“oblivious” 

“non-oblivious”
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Leverage scores
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i th leverage score is Euclidean norm squared of the i th row of 

i

[For keen observers: this isn’t useful if N > p. What to do then?   

 Can essentially prove separately for all pairs of points (so N =2) 

 and then take union bound (not an issue, since failure decays fast). 

 Technically, usually prove via subspace embeddings ]
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Theorem (Johnson-Lindenstrauss, 1984 (and Indyk-Motwani, 1998))

Choose Φ = Φrandn with psmall ∝ ε−2 log N iid rows each N (0, p/psmall), then for
all xi , xj ∈ {x1, . . . , xN } ⊂ Rp,

1 − ε ≤
‖Φxi − Φxj‖2

‖xi − xj‖2

≤ 1 + ε

with constant probability.

N

p X
=
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Theorem (Johnson-Lindenstrauss, 1984 (and Indyk-Motwani, 1998))

Choose Φ = Φrandn with psmall ∝ ε−2 log N iid rows each N (0, p/psmall), then for
all xi , xj ∈ {x1, . . . , xN } ⊂ Rp,

1 − ε ≤
‖Φxi − Φxj‖2

‖xi − xj‖2

≤ 1 + ε

with constant probability.

! Φ is linear and data-independent (unlike PCA)

! but Φ is not orthogonal (unlike PCA)

! Independent of original dimension p

! Independent of conditioning of X (unlike PCA)

! Probabilistic (unlike PCA)

Usually not practical since too costly since computing ΦX is O(ppsmallN )

N

p X
=
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Theorem (Johnson-Lindenstrauss, 1984 (and Indyk-Motwani, 1998))

Choose Φ = Φrandn with psmall ∝ ε−2 log N iid rows each N (0, p/psmall), then for
all xi , xj ∈ {x1, . . . , xN } ⊂ Rp,

1 − ε ≤
‖Φxi − Φxj‖2

‖xi − xj‖2

≤ 1 + ε

with constant probability.

! Φ is linear and data-independent (unlike PCA)

! but Φ is not orthogonal (unlike PCA)

! Independent of original dimension p

! Independent of conditioning of X (unlike PCA)

! Probabilistic (unlike PCA)

Usually not practical since too costly since computing ΦX is O(ppsmallN )

Many extensions, for example: 

 sub-Gaussian entries, and/or dependent rows (e.g., columns uniform on sphere) 

 dependent columns, e.g., Haar measure on orthogonal matrices 

 sparse matrix (worse performance though)

N

p X
=
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R samples rows; F Fourier-like; D diag. w/ random ±1 entries (“Rademacher”)

ΦFFT =
Rpsmall

p

Fp

p

Dp

p

Cost:

N

p X

(uniformly)
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R samples rows; F Fourier-like; D diag. w/ random ±1 entries (“Rademacher”)

ΦFFT =
Rpsmall

p

Fp

p

Dp

p

Cost:
Cost:

! F(x) costs p log p (vs p2 naively)

! hence O(pN log p) to compute ΦX , so good if log p < N

Guarantees: almost as good as classical Johnson-Lindenstrauss
First guarantees in the Fast Johnson-Lindenstrauss paper

Ailon and Chazelle, “Approximate nearest neighbors and the fast Johnson-Lindenstrauss transform”, STOC 2006

Think of F as FFT or DCT or Hadamard transform

also known under many names, e.g., Random Orthogonal System, FJLT

N

p X

(uniformly)
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R samples rows; F Fourier-like; D diag. w/ random ±1 entries (“Rademacher”)
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p
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! F(x) costs p log p (vs p2 naively)

! hence O(pN log p) to compute ΦX , so good if log p < N

Guarantees: almost as good as classical Johnson-Lindenstrauss
First guarantees in the Fast Johnson-Lindenstrauss paper

Ailon and Chazelle, “Approximate nearest neighbors and the fast Johnson-Lindenstrauss transform”, STOC 2006

Think of F as FFT or DCT or Hadamard transform

also known under many names, e.g., Random Orthogonal System, FJLT

N

p X

How to get guarantees?

Basic idea is that after applying the !rst two steps, resulting 

matrix has (almost) uniform leverage scores… 

… so uniform subsampling is (almost) leverage score sampling.

Method 4: Fast Johnson-Lindenstrauss Transforms
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Method 5: subsample entries of a matrix
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Sub-sampling Entries
Keep x ′

i ∈ Rp but with only psmall nonzeros

Idea goes back to landmark Achlioptas/McSherry paper (2001)

X ′ = Xp

N

This is the odd-one-out so far, because it’s not the same linear operator applied to every column
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Our new twist: first precondition with Random Orthogonal System (ROS)

Y = Fp

p

Dp

p

Xp

N

Y ′ = Yp

N

(i.e., !rst 2 matrices from the Fast JLT)
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18

Easy to see that better than uniform sampling of X is non-uniform sampling,
with probability proportional to magnitude of entry

cf. Achlioptas, Z. Karnin, and E. Liberty 2013

Disadvantage of weighted sampling is the extra pass through data
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Easy to see that better than uniform sampling of X is non-uniform sampling,
with probability proportional to magnitude of entry

cf. Achlioptas, Z. Karnin, and E. Liberty 2013

Disadvantage of weighted sampling is the extra pass through data

In our analysis, we have terms like (want this small)

‖X‖max-entry = max
i=1,...,N
j=1,...,p

|Xij |

Assuming ‖xi‖2 = 1,
! it is possible for ‖X‖max-entry = 1 (BAD)
! best case is ‖X‖max-entry = 1/

√
p

Benefit of preconditioning
After applying ROS, exponentially small chance that

‖Y ‖max-entry >
√

log(Np)/
√

p

N.B. Since FD is unitary, bounds in spectral/Frobenius norm are unchanged

N

p X
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Theory: estimating the mean
Given a true mean x̄ = 1

N

∑N
i=1

xi , and our estimate of it ˆ̄x from sampled data,

Theorem

E ˆ̄x = x̄ and ‖ˆ̄x − x̄‖∞ ≤ t with probability greater than

1 − 2pexp

(

−Nγt2/2

‖X‖2
max-row + t/3‖X‖max-entry

)

where γ = psmall/p (simplifying to psmall $ p $ N )

If X has normalized columns, then X = 1 and X =
√

N are

(Pourkamali-Anaraki & B., IEEE Trans. Info Theory 2017)

N

p X
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Theory: estimating the mean
Given a true mean x̄ = 1

N

∑N
i=1

xi , and our estimate of it ˆ̄x from sampled data,

Theorem

E ˆ̄x = x̄ and ‖ˆ̄x − x̄‖∞ ≤ t with probability greater than

1 − 2pexp

(

−Nγt2/2

‖X‖2
max-row + t/3‖X‖max-entry

)

where γ = psmall/p (simplifying to psmall $ p $ N )

If X has normalized columns, then X = 1 and X =
√

N are
If X has normalized columns, then ‖X‖max-entry = 1 and ‖X‖max-row =

√
N are

possible, which is bad.

Lemma

If X is preconditioned, then ( for Np = 1010,
√

log(2Np) + 1000 = 32)

P

{

‖X‖max-entry ≥
√

2
√

p
·
√

log(2Np) + 1000

}

≤ .001

P

{

‖X‖max-row ≥
√

2N
√

p
·
√

log(2Np) + 1000

}

≤ .001

(Pourkamali-Anaraki & B., IEEE Trans. Info Theory 2017)

N

p X
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N
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where γ = psmall/p (simplifying to psmall $ p $ N )
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Lemma
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√

log(2Np) + 1000 = 32)

P

{

‖X‖max-entry ≥
√

2
√

p
·
√
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}

≤ .001

P

{

‖X‖max-row ≥
√

2N
√

p
·
√

log(2Np) + 1000

}

≤ .001

(Pourkamali-Anaraki & B., IEEE Trans. Info Theory 2017)Theorem

E ˆ̄x = x̄ and ‖ˆ̄x − x̄‖∞ ≤ t with probability greater than

1 − 2pexp

(

−Nγt2/2

‖X‖2
max-row + t/3‖X‖max-entry

)

where γ = psmall/p (simplifying to psmall $ p $ N

If X has normalized columns, then ‖X‖max-entry = 1 and ‖X‖max-row =
√

N are
ossible, which is bad.

Lemma

If X is preconditioned, then ( for Np = 1010,
√

log(2Np) + 1000 = 32

P

{

‖X‖max-entry ≥
√

2
√

p
·
√

log(2Np) + 1000

}

≤ .001

P

{

‖X‖max-row ≥
√

2N
√

p
·
√

log(2Np) + 1000

}

≤ .001

Let yi = ±1 be iid Bernoulli, ˆ̄x = 1

N

∑N
i=1

yi

! E(ˆ̄x) = 0

! Var(ˆ̄x) = 1/N

Chebyshev, Markov inequalities

P(|ˆ̄x| ≥ t) ≤
1

Nt2

Example: N = 104 and t = 0.1, P(|ˆ̄x| ≥ t) ≤ 0.01

Concentration ineq. Bernstein, Hoeffding, Chernoff

P(|ˆ̄x| ≥ t) ≤ 2exp

(

−Nt2/2

1 + t/3

)

Example: N = 104 and t = 0.1, P(|ˆ̄x| ≥ t) ≤ 2 · 10−21

Probability theory aside

intuition: central limit theorem says random sums of iid rv should 

 look Gaussian, and for a Gaussian, we have exponential concentration
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Method 7: CountSketch

24

Introduced in Charikar et al. (2004), more analysis 

in, e.g., Clarkson and Woodru" (2017) 

Based on hash functions 

  (as a side-e"ect, doesn’t need full iid random 

   variables for analysis to work) 

See “appendix” of these slides for more details

N

p X

psmall

p

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1

<latexit sha1_base64="S4yzJb08qP5ZAKBnzO16t3MIqrI=">AAAFG3icdVTdTtRAFB5kVax/oIk33jRuSDAxpN1EhAsi/iR6A+LGBZLtuplpT9kJ02ltp7jNOI/ijV7qW3hnvDXEh/AdPG0h0gKTtDk95zvf+Z2yRPBMOc6fmUuznctXrs5ds67fuHnr9vzCnZ0s zlMfBn4s4nSP0QwElzBQXAnYS1KgEROwyw5elPbdQ0gzHst3qkhgFNF9yUPuU4Wq8fw9T8FUVTyaiRyM9rYn3Iznu86yg2dlxS4Fd9VxUVhbW+311my3MjlO9+mRtZ58PbK2xwuzf70g9vMIpPIFzbKh6yRqpGmquC/AWItenkFC/QO6D0MUJY0gG+kqsrEXURPYYZzi I5Vdaa3zPB4FhzzJjp2ntfdpoKZRlhURQ8qIqknWtpXK82zDXIWrI81lkiuQfp1RmAtbxXbZNzvgKfhKFChQP+VYle1PaEp9hd3F6ipPrag4GEcIiDPTVE6ABog0luVJ+OjHUURloD3GQhpxUWDfy8oxdBxwua8HpvqujZqxWATGwzFjDqXeNFnKGTJmhu5I/6fsugZh LwHHkcImFvxMJBPKQGmvLJ+hA4Y55taR0bKdXAAhfMDMMoVNSkHUgfDNJfYBQmP0umk79c0Jv+6bVp79lrFplUaf2sY+BGVKLYatczDv9VLvoTFlwy+GbuaCQZpio7fanFED+EbwQ3iVAsiyKW3SpBk/Lqh4Xl2bpM16IXLrDOn0pCuhnhpcPdyxMIQUr1J1Hawz4HJk 5ZbHonRo2oumvWjbGW4AbWK8StUch6cmVIS6riFThQAvxG3XrtE97DX+IE7+AvbFwk5v2V1ZfvzW6W70SX3myH3ygCwRlzwhG+Q12SYD4pNP5Av5Rr53Pnd+dH52ftXQSzPHPndJ43R+/wPhlNwd</latexit>

Φ

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1
<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM=">AAAFCHicdVTNT9RAFB9gQVy/QI9eGgkJJoa0m4BwMMGPRC8gblwg2a5kpn1lJ0yntTPFbSZz9eDFqyb+CR68Ga/+F/4RHr372kK0BSZp8/re7/3eZ4elgivtur+mpmc6s3NX5q92r12/cfPWwuLt PZXkWQCDIBFJdsCoAsElDDTXAg7SDGjMBOyz46elff8EMsUT+VoXKYxieiR5xAOqUTXw09jxDheW3FUXz/q6UwrehuuhsLm50ettOl5lct2lrbkvf+TX97O7h4szv/0wCfIYpA4EVWrouakeGZppHgiw3WU/V5DS4JgewRBFSWNQI1Ola51l1IROlGT4SO1U2u5FHg/C E56qU+dJ7f0/0NBYqSJmSBlTPVZtW6m8yDbMdbQxMlymuQYZ1BlFuXB04pRNckKeQaBFgQINMo5VOcGYZjTQ2EqsrvI0morjwxgBibJN5RhoiEjb7foS3gVJHFMZGp+xiMZcFNb4ZeUYOgm5PDIDW33XRsNYIkLr40wxh1JvmywaJpoxO/RG5h/lkmcR9gxwHBlsY8GP RTqmDLTxy/IZOmCYU24TWyPbyYUQwVvMTGlsUgaiDoRvLrEPEFlrHtm2U9+e8Zu+beXZbxmbVmnrANVUTR/CMqUWw84FmDdmpXff2rLhl0O3c8Egy7DRO23OuAF8KfgJPM8AZNmUNmnajJ8UVDwROViTtlkvRe6cI52cdSUyE4urhzsWRZDhr1T9Dt1z4HJk5ZYnonRo 2oumvWjbGW4AbWL8StUch6/HVESmrkHpQoAf4bYbz5oe9hoviLNbwLlc2Outeuura6/wptgi9Zknd8k9skI88pBskRdklwxIQDj5SD6Rz50PnW+d750fNXR66tTnDmmczs+/ra3TkA==</latexit>

±1

<latexit sha1_base64="B5EW1IALz5aMJzGU/wtDJQVfOFM="></latexit>

±1

Every column has exactly 1 nonzero entry, location chosen uniformly at random (and value is a Rademacher r.v.) 

Has some guarantees, though not as good as a Gaussian (and not a JLT) 

… but it’s very fast to apply 

cost: nnz(X), so no more than      (vs             with a Gaussian)
<latexit sha1_base64="OriX9F/3Goe/Rbs4/bVFkF9LAS0=">AAAF/HicjVRLb9NAEHahgRJeLXDjYlFVKlIV7LRJkwOiPKRyoKFUpK0Uh2htjxsr6we767ZhtfwHrnDlhuDIL+BPcEL8E8Z2qtZuEKyUaDzzzTev3bFj6nNhGD9nLlycrVy6PHelevXa9Rs35xdu 7fIoYQ50nYhGbN8mHKgfQlf4gsJ+zIAENoU9e/Q0te8dAuN+FL4W4xj6ATkIfc93iEDVnhVzK7Y6g/lFo9ZuNdqNNd2oGdlJhXqzvWbo5kSz+OjHu9+b3+7I7cHC7C/LjZwkgFA4lHDeM41Y9CVhwncoqOqSlXCIiTMiB9BDMSQB8L7MElb6Empc3YsY/kKhZ9rqNI8V 99CP+cT5OPc+C5Qk4Hwc2EgZEDHkZVuqnGbrJcJr9aUfxomA0Mkz8hKqi0hP26S7PgNH0DEKxGE+VqU7Q8KII7CZWF3mKQWho0GAgIironIIxEWkqlatEI6cKAhI6ErLtj0S+HSspJVWjqEj1w8PZFdl37lR2nZEXWXhVDGHVK+KLAKOhW2rntmXp5SLpkLYM8BxMNjC gh/TeEhsENJKy7fRAcNMuGWgZFhOzgUP3mJmXGCTGNA8EP77IfYBPKXkQ1V22lEn/HJHlfLcKRmxRWfNocojZGOVO+CmOakSqDMF9EYu1++rf0C3EmoDY9jqTjmvoAB8Sf1D2GQAYdqWMmlcjB+NCX1CE1Ay/n9o5xz0+KQxnjxWePvwmnkeMHxN2YuongOnU0svekRT h6J9XLSPy3YbLwEpYqxMlU4ke4V1w2zrL6IjoFR/gF/1VX07YW4C1b8X2GMHdl8atbXG+qpprpysDRRajTWjtZp3qOjPpxEYLdMwGylB01hvtFFYbTaQAgkG+Q3EZ0ypKrN1ppHlS+xsNvkSy4dwlsASQ0I9mXNwMaZgefi+palkHWNlK/F0E5aEk5W4W6+ZzVrjlbG4 saHlZ067q93TljVTW9c2tOfattbVHG2kfdA+ap8q7yufK18qX3PohZmJz22tcCrf/wA0SCLH</latexit>

psmallpN
<latexit sha1_base64="kSyLkvD5XHtDNpC2I4wZJtmMcPc=">AAAF+XicjVRLb9NAEN6WBkp4tcCNi0VVqUhVsNMkTQ6I8pDKgYZSkbZSHKK1PU6srh+s123Dav8CV7hyQxy48Bf4E5wQ/4Sx3aq1GwQrJRrPfPPNa3esiHmx0PWfM7OX5iqXr8xfrV67fuPmrYXF 27txmHAbenbIQr5v0RiYF0BPeILBfsSB+haDPevgWWrfOwQee2HwRkwiGPh0FHiuZ1ORqszI7A4XlvRap93sNBuaXtOzkwr1Vqeha8aJZunxj/e/N7/dldvDxblfphPaiQ+BsBmN476hR2IgKReezUBVl80khojaB3QEfRQD6kM8kFm2SltGjaO5IcdfILRMW53mseoc elF84nyce58HSurH8cS3kNKnYhyXbalymq2fCLc9kF4QJQICO8/ITZgmQi3tkeZ4HGzBJihQm3tYlWaPKae2wE5idZmnFJQdDH0EhLEqKsdAHUSqatUM4MgOfZ8GjjQty6W+xyZKmmnlGDp0vGAkeyr7zo3SskLmKBNHijmkelVkEXAsLEv1jYE8o1wyFMKeA46DwxYW /IRFY2qBkGZavoUOGOaEW/pKBuXkHHDhHWYWC2wSB5YHwn8vwD6Aq5R8pMpOO+qUX+6oUp47JSO26Lw5UHmEbKxyB5w0J1UCdaeA3sqV+gP1D+hWwizgHFvdLeflF4CvmHcImxwgSNtSJo2K8cMJZU9ZAkpG/w/tXoAenzbGlccKbx9eM9cFjq8pexHVC+B0aulFD1nq ULRPivZJ2W7hJaBFjJmp0olkr7CuGx3tZXgEjGkP8au+pm0n3Emg+vcC+3xkDaReazTX1wxj9XRtoNBuNvT2Wt6hon88jUBvG7rRTAla+nqzg8Jaq4kUSDDMbyA+Y8ZUma07jSxfYuezyZdYPoTzBKYYU+bKnCMWEwami+9bGkrWMVa2Es82YUk4XYm79ZrRqjVf60sb GyQ/8+QeuU9WiEHWyQZ5QbZJj9hkTD6Qj+RTRVY+V75UvubQ2ZkTnzukcCrf/wDB0CFq</latexit>

pN

new linear algebra application in: Malik, B. "Fast randomized matrix and tensor interpolative decomposition using CountSketch”, Adv. Comp. Math (2020)



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023 25

v = v
(1) ⊗ v

(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

where size is

Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

Not (yet!) related to tensors

Method 8: TensorSketch

<latexit sha1_base64="9/OlxAGGjGF4nDak2/eQc75ma/w="></latexit>

p = p
(1)

· p
(2)

<latexit sha1_base64="OphG43NzrEq1DILgy+o7w0w5yh4=">AAAEiHicbVPNbhMxEHZpgBL+WnrkYlFV4lC1u0k3P0hILXDgAFWImrZSNkRerzex6v3B9lIiyxfegafhCq+AxBvwDJyY3aSi2dbSrsbz883MN+MgE1xpx/m9cmu1dvvO3bV79fsPHj56vL7x5ESl uaRsQFORyrOAKCZ4wgaaa8HOMslIHAh2Gpy/Luynn5lUPE2O9Sxjo5hMEh5xSjSoxut7fm/Kx35M9JQSYY4tfoH9/kfjZxb7kk+mmkiZXix0yo7Xt5xdpzz4uuAuhK2DzV9/v/6xO73xxuqhH6Y0j1miqSBKDV0n0yNDpOZUMFv3c8UyQs/JhA1BTEjM1MiUnVm8DZoQ R6mEL9G41F6NMCRWahYH4Fm0oKq2QnmTbZjrqDMyPMlyzRI6TxTlAusUFzThkEtGtZiBQKjkUCumUyIJ1UBmfdsvI40m4nwcg0Oq7LJyykgInrZe9xN2QdM4Jklo/CCISMzFzBq/aAhSpyFPJmZgy/vcaIIgFaH1YapQQ6G3yyiafdFBYIfuyPyH3HItuL1hQLJk76Hh Q5FNScC0KacbQACkWWCb2JqkWlzIIvYJKlMaSJJMzBPBnyfAA4usNS9tNahvL/FN31bq7FeMQNGV8RQGqSIF5JcTLj0VlRg+numlcS1MI8NyWNMCqQxpOG4Xv0svmBB4D26NJu7lMszZch2ZnbdSrs9QToKRcXb3vXbTdXcudxeEjrfvdJrWZNU+YO9vAHA6ruN6BUDL aXtdEJotDyAAYDxnDtZPCFtFO7oJrNvxut7+1WqcRqtbgB3Z4tG51Sd2XThp7LqtXe8DvL4DND9r6Cl6hp4jF7XRAXqLemiAKPqGvqMf6GetXnNq7Vp37nprZRGziZZO7dU/4cGG5g==</latexit>

ΦT : R
p
→ R

psmall
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v = v
(1) ⊗ v

(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

where size is

a =







a1

a2

a3






, b =







b1

b2

b3






a ⊗ b =







a1b

a2b

a3b






=



































a1b1

a1b2

a1b3

a2b1

a2b2

a2b3

a3b1

a3b2

a3b3



































Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

<latexit sha1_base64="9/OlxAGGjGF4nDak2/eQc75ma/w="></latexit>

p = p
(1)

· p
(2)

Kronecker/tensor product of vectors

Method 8: TensorSketch

<latexit sha1_base64="OphG43NzrEq1DILgy+o7w0w5yh4=">AAAEiHicbVPNbhMxEHZpgBL+WnrkYlFV4lC1u0k3P0hILXDgAFWImrZSNkRerzex6v3B9lIiyxfegafhCq+AxBvwDJyY3aSi2dbSrsbz883MN+MgE1xpx/m9cmu1dvvO3bV79fsPHj56vL7x5ESl uaRsQFORyrOAKCZ4wgaaa8HOMslIHAh2Gpy/Luynn5lUPE2O9Sxjo5hMEh5xSjSoxut7fm/Kx35M9JQSYY4tfoH9/kfjZxb7kk+mmkiZXix0yo7Xt5xdpzz4uuAuhK2DzV9/v/6xO73xxuqhH6Y0j1miqSBKDV0n0yNDpOZUMFv3c8UyQs/JhA1BTEjM1MiUnVm8DZoQ R6mEL9G41F6NMCRWahYH4Fm0oKq2QnmTbZjrqDMyPMlyzRI6TxTlAusUFzThkEtGtZiBQKjkUCumUyIJ1UBmfdsvI40m4nwcg0Oq7LJyykgInrZe9xN2QdM4Jklo/CCISMzFzBq/aAhSpyFPJmZgy/vcaIIgFaH1YapQQ6G3yyiafdFBYIfuyPyH3HItuL1hQLJk76Hh Q5FNScC0KacbQACkWWCb2JqkWlzIIvYJKlMaSJJMzBPBnyfAA4usNS9tNahvL/FN31bq7FeMQNGV8RQGqSIF5JcTLj0VlRg+numlcS1MI8NyWNMCqQxpOG4Xv0svmBB4D26NJu7lMszZch2ZnbdSrs9QToKRcXb3vXbTdXcudxeEjrfvdJrWZNU+YO9vAHA6ruN6BUDL aXtdEJotDyAAYDxnDtZPCFtFO7oJrNvxut7+1WqcRqtbgB3Z4tG51Sd2XThp7LqtXe8DvL4DND9r6Cl6hp4jF7XRAXqLemiAKPqGvqMf6GetXnNq7Vp37nprZRGziZZO7dU/4cGG5g==</latexit>

ΦT : R
p
→ R

psmall
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v = v
(1)

⊗ v
(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

where size is

a =







a1

a2

a3






, b =







b1

b2

b3






a ⊗ b =







a1b

a2b

a3b






=



































a1b1

a1b2

a1b3

a2b1

a2b2

a2b3

a3b1

a3b2

a3b3



































a ⊗ b = veccol

(

ba
T

)









ba
T =







b1a1 b1a2 b1a3

b2a1 b2a2 b2a3

b3a1 b3a2 b3a3






=







a1b1 a2b1 a3b1

a1b2 a2b2 a3b2

a1b3 a2b3 a3b3







( )

another equivalent de!nition:

  

(A ⊗ B) veccol (X) = veccol

(

BXA
T

)

more generally,

Kronecker/tensor product of vectors

Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

<latexit sha1_base64="9/OlxAGGjGF4nDak2/eQc75ma/w="></latexit>

p = p
(1)

· p
(2)

vec: 
<latexit sha1_base64="Hj/ojedZlEdCWxSJttgJHeeqFVo=">AAAElXicbVPNbtNAEN62AUr4awGJAxeLqFKRULCTOk0kKlpRAQcoJSJtpdiN1ut1sur6B++aElb7MjwAT8GBK9w48iaM7RQatyvZmt9vZr7Z9RLOhDTN3wuLS7UrV68tX6/fuHnr9p2V1bsHIs5S Qgck5nF65GFBOYvoQDLJ6VGSUhx6nB56Jy9y/+EnmgoWRx/kNKFuiMcRCxjBEkyjlWdO/1gZTnKs1q3H2nAkC6ko9RbouSU2KjH/nKOVhtk0i2NcFKyZ0Hj+/cufV9/uq/3R6tKO48ckC2kkCcdCDC0zka7CqWSEU113MkETTE7wmA5BjDB046piTG2sgcU3gjiFL5JG YT2foXAoxDT0IDLEciKqvtx4mW+YyaDrKhYlmaQRKQsFGTdg9Jwzw2cpJZJPQcAkZdCrQSY4xUQCs/U1p8hUEvOTUQgBsdDzxgnFPkTqet2J6CmJwxBHvnI8L8Ah41OtnHwgKB37LBqrgS700qk8L+a+dmDF0ENu1/Mokn6WnqeHlqv+QzYsDWG7FEhO6VsYeIcnE+xR qZx8fA8SoMwMW4VaRdXmfBrQj9CZkEBSSnlZCP4sAh5ooLXa0tWkvj7DV31d6bNfcQJF59aTO1IRCCC/2HARKUhqwMcSObeumctVNCOY50hFSsu0esab+JRybjwFrdU29rPUz+h8H4kuRymuzzAde64ymxv2ZtuynpzdXRC69obZbWuVVOdIxGUAZtcyLTsH6Jibdg+E dscGCAAYlczB9eNcV9H2LgPrde2evXG+G7PV6eVgezp/dFb1iV0UDlpNq9O035uN7W1UnmX0ED1C68hCm2gbvUb7aIAI+op+oJ/oV+1Bbau2W3tZhi4uzHLuoblTe/cX6aiIuw==</latexit>

R
p
(1)

×p
(2)

→ R
p
(1)

p
(2)

mat = vec -1 

<latexit sha1_base64="2eG2bZV5ZB3jzErUHQ19afrJsTk=">AAAEWnicbVPdbtMwFPa2AlsHbIPdcRNRTeIClaRduvYCsQkkuIBpDLpNaqLKdpw2mvOD7TCK5UfgFt6Cp+AlkLjhTThJOrFms2Tr+Px85zvn2CTjkVS2/XtpeaVx6/ad1bXm+t179zc2tx6cyDQX lA1pylNxRrBkPErYUEWKs7NMMBwTzk7J+cvCfvqZCRmlyUc1y5gf40kShRHFClQfPJWON1t22y6XdV1w5kLrxa+vf1//3NZH462VAy9IaR6zRFGOpRw5dqZ8jYWKKGem6eWSZZie4wkbgZjgmElfl1yNtQOawApTATtRVqm9GqFxLOUsJuAZYzWVdVuhvMk2ylXY93WU ZLliCa0ShTm3VGoVhVtBJBhVfAYCpiICrhadYoGpgvY0d7wyUivMz8cxOKTSLCqnDAfgaZpNL2EXNI1jnATaIyTEccRnRntFQZA6DaJkooemvFdGTUjKA+PBnIBDoTeLKIp9UYSYkePr/5Atx4DbKwZNFuwdFHzAsykmTGmvKJ9AAKSZY+vY6KROLmAh+wTMpIImCcar RHBGCfSBhcbo56YedGwu8fWxqfE8rhmhRVfGUxiEDCU0v5xw6SmpsGBHmVoY19zka5ZTzAukMqRjOwPrbXrBOLeewa3TtY5yEeRskUdmqlLK5zMSE+Jru73r7nUd5+nl2wWh7+7a/a7RWb2OTN4EYPcd23ELgJ695w5A6PZcgACAcdU5eH6cmzra4U1gg747cHevsrE7 vUEBdmgMfDqn/sWuCyedttNru+/t1v4+qtYqeoQeoyfIQXtoH71BR2iIKJqgb+g7+rHyp7HcWGusV67LS/OYh2hhNbb/ASeQdRc=</latexit>

→
vec 

Method 8: TensorSketch

<latexit sha1_base64="OphG43NzrEq1DILgy+o7w0w5yh4=">AAAEiHicbVPNbhMxEHZpgBL+WnrkYlFV4lC1u0k3P0hILXDgAFWImrZSNkRerzex6v3B9lIiyxfegafhCq+AxBvwDJyY3aSi2dbSrsbz883MN+MgE1xpx/m9cmu1dvvO3bV79fsPHj56vL7x5ESl uaRsQFORyrOAKCZ4wgaaa8HOMslIHAh2Gpy/Luynn5lUPE2O9Sxjo5hMEh5xSjSoxut7fm/Kx35M9JQSYY4tfoH9/kfjZxb7kk+mmkiZXix0yo7Xt5xdpzz4uuAuhK2DzV9/v/6xO73xxuqhH6Y0j1miqSBKDV0n0yNDpOZUMFv3c8UyQs/JhA1BTEjM1MiUnVm8DZoQ R6mEL9G41F6NMCRWahYH4Fm0oKq2QnmTbZjrqDMyPMlyzRI6TxTlAusUFzThkEtGtZiBQKjkUCumUyIJ1UBmfdsvI40m4nwcg0Oq7LJyykgInrZe9xN2QdM4Jklo/CCISMzFzBq/aAhSpyFPJmZgy/vcaIIgFaH1YapQQ6G3yyiafdFBYIfuyPyH3HItuL1hQLJk76Hh Q5FNScC0KacbQACkWWCb2JqkWlzIIvYJKlMaSJJMzBPBnyfAA4usNS9tNahvL/FN31bq7FeMQNGV8RQGqSIF5JcTLj0VlRg+numlcS1MI8NyWNMCqQxpOG4Xv0svmBB4D26NJu7lMszZch2ZnbdSrs9QToKRcXb3vXbTdXcudxeEjrfvdJrWZNU+YO9vAHA6ruN6BUDL aXtdEJotDyAAYDxnDtZPCFtFO7oJrNvxut7+1WqcRqtbgB3Z4tG51Sd2XThp7LqtXe8DvL4DND9r6Cl6hp4jF7XRAXqLemiAKPqGvqMf6GetXnNq7Vp37nprZRGziZZO7dU/4cGG5g==</latexit>

ΦT : R
p
→ R

psmall
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1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

TensorSketch: applying to matrices

28

form A = A(1)⊗A(2)⊗· · ·⊗A(N),
∏ ∏

TA = FFT−1





(

N
⊙

n=1

(

FFT

(

S
(n)

A
(n)

))"

)"




Khatri-Rao product

Recall the Kronecker product:

v = v
(1)

⊗ v
(2)From vector case                       to matrix case

A⊗ B =











a11B a12B · · · a1JB

a21B a22B · · · a2JB

.

.

.

.

.

.

.
.
.

.

.

.

aI1B aI2B · · · aIJB











=

[

a1 ⊗ b1 a1 ⊗ b2 a1 ⊗ b3 · · · aJ ⊗ bL−1 aJ ⊗ bL

]

A ! B =

[

a1 ⊗ b1 a2 ⊗ b2 · · · aK ⊗ bK

]

a ◦ b =

(

a
!
" b

!
)!

<latexit sha1_base64="75/SRUIh7L59D1dwZGxMve/OClI=">AAADwXicbVLLbhMxFHUbHiU82sKSjaGKVFSpypQF3VQqKgs2lUpEmkqZENmeO4lVjz3YHiCy/Fks+RDWbOETkLgzSdUmxZKt63PPffhc81JJ57vdn2vrrTt3793feNB++Ojxk82t7afnzlRWQF8Y ZewFZw6U1ND30iu4KC2wgisY8MuT2j/4AtZJoz/6WQmjgk20zKVgHqHx1iAtmJ/yPLBIUyGtoFcAj/SIpgpyv0uvSZ9Sb0qamsz4G8wFauVk6l81l/HWTne/2yx620gWxs7xi/bp3t7f72fj7fVemhlRFaC9UMy5YdIt/Sgw66VQENtp5aBk4pJNYIimZgW4UWgUiLSD SEZzY3FrTxv0ZkRghXOzAt/UqZt2q74a/J9vWPn8cBSkLisPWswL5ZWi3tBaTppJC8KrGRpMWIm9UjFllgmPorc7aRMZPFOX4wIJxsVlcAosQ2Zst1MNX4UpCqazkHKes0KqWQxp/SAsbTKpJ6Efm/vcGTg3KospTh97qPG4nMXDN895HCajcJ1yJ4lIewcosoVTfPBb VU4ZBx/m88QALLPIHYoY9GpzGeTwGTtzHkWyoOaF8JQadYA8xnAUV4N68Sp/6MWVPnsrTpToxnhqh3W5Q/GbCTdMJyzFLUu/NK6FaxSgEkxF/IXJ6p+7bZwf7Cev9w8+4Hc8JPO1QZ6Tl2SXJOQNOSbvyRnpE0F+kF/kN/nTOmnJVtmyc+r62iLmGVlarfAPdwZJAA== </latexit>

Observe

and with some work,

pointwise multiplication (aka Hadamard product)

<latexit sha1_base64="2AC2DiqX3ihDa+cGjAz7frcemZ8=">AAAFDXicdVTNbtQwEHbbBcry18KRS8SqUpFQtan4u1QUqAAJWsqKbSs2S2Unk661jhNipzSy/AxcuMJDIHFDXHkGHoI7Bw5Mkq0g2dZSosnMN9/8OiwRXOlu9+fM7FzrzNlz8+fbFy5eunxlYfHq joqz1Ie+H4s43WNUgeAS+pprAXtJCjRiAnbZ+HFh3z2EVPFYvtZ5AsOIHkgecp9qVL157niaR6CcF/sLne5KtzzOtOBOhM6DPxtrT76Mf2/vL8798oLYzyKQ2hdUqYHbTfTQ0FRzX4BtL3mZgoT6Y3oAAxQlxUBDU+ZsnSXUBE4Yp/hI7ZTa9kket4JDnqiJ81Hl/T/Q 0EipPGJIGVE9Uk1boTzJNsh0eH9ouEwyDdKvMgoz4ejYKTrlBDwFX4scBeqnHKty/BFNqa+xn1hd6Wk0FeP9CAGxsnXlCGiASNtuexLe+3EUURkYj7GQRlzk1nhF5Rg6Drg8MH1bfldGw1gsAuvhYDGHQm/rLBqONGN24A7NP8qOaxG2ATiOFDax4IciGVEG2nhF+Qwd MMyE20TWyGZyAYTwDjNTGpuUgqgC4ZtL7AOE1po123Tq2WN+07ONPHsNY90qbRWgnKrpQVCk1GDYOgHz1iyv3rS2aPjp0M1MMEhTbPRWkzOqAV8KfghPUwBZNKVJmtTjxzkVj0QG1iRN1lORW1OkR8ddCc2RxdXDHQtDSPEqldehPQUuRlZseSwKh7o9r9vzpp3hBtA6 xitV9XF4ekRFaKoalM4FeCFuu3GtWcVe4w/Cbf4OpoWd1RX37sqdV93O+m1SnXlyndwgy8Ql98g6eUa2SZ/4RJKP5BP53PrQ+tr61vpeQWdnJj7XSO20fvwFZQXV3w==</latexit>

K × L
<latexit sha1_base64="LuhmcJvoC0QZFJDFlbTgeUekx+s=">AAAFDXicdVRLb9QwEHbbBcryauHIJWJVqUio2lS8LhUFKl5SS1mxbcVmqexk0rXWcULslEaWfwMXrvAjkLghrvwGfgR3DhyYJFtBsq2lRJOZb755OiwRXOlu9+fM7FzrzNlz8+fbFy5eunxlYfHq joqz1Ie+H4s43WNUgeAS+pprAXtJCjRiAnbZ+HFh3z2EVPFYvtZ5AsOIHkgecp9qVL157niaR6CcF/sLne5KtzzOtOBOhM6DPxtrT76Mf2/vL8798oLYzyKQ2hdUqYHbTfTQ0FRzX4BtL3mZgoT6Y3oAAxQlxUBDU+ZsnSXUBE4Yp/hI7ZTa9kket4JDnqiJ81Hl/T/Q 0EipPGJIGVE9Uk1boTzJNsh0eH9ouEwyDdKvMgoz4ejYKTrlBDwFX4scBeqnHKty/BFNqa+xn1hd6Wk0FeP9CAGxsnXlCGiASNtuexLe+3EUURkYj7GQRlzk1nhF5Rg6Drg8MH1bfldGw1gsAuvhYDGHQm/rLBqONGN24A7NP8qOaxG2ATiOFDax4IciGVEG2nhF+Qwd MMyE20TWyGZyAYTwDjNTGpuUgqgC4ZtL7AOE1po123Tq2WN+07ONPHsNY90qbRWgnKrpQVCk1GDYOgHz1iyv3rS2aPjp0M1MMEhTbPRWkzOqAV8KfghPUwBZNKVJmtTjxzkVj0QG1iRN1lORW1OkR8ddCc2RxdXDHQtDSPEqldehPQUuRlZseSwKh7o9r9vzpp3hBtA6 xitV9XF4ekRFaKoalM4FeCFuu3GtWcVe4w/Cbf4OpoWd1RX37sqdV93O+m1SnXlyndwgy8Ql98g6eUa2SZ/4RJKP5BP53PrQ+tr61vpeQWdnJj7XSO20fvwFUnPV2w==</latexit>

I × J

small countSketch

FFTs are doing circular convolution, 

i.e., multiplying polynomials modulo 

a !xed modulus.  See appendix

matrices. For matrices

B ∈ RIK×JL and

B ∈ RIJ×K and

<latexit sha1_base64="94l3ElavDGXrK4qBvBevsrNtn4Y=">AAAEu3icbVPdbtMwFPZYYaP8bXDBBTcR06QhoZK0TZdeTNoEF1zAtE3rNqmpKsdxWjPnB9vZqCy/AW/BLTwQL4B4DE6STqxZLSU6Pj/f+c6Pg4wzqWz798q91cb9B2vrD5uPHj95+mxj8/mZTHNB 6ICkPBUXAZaUs4QOFFOcXmSC4jjg9Dy4fF/Yz6+okCxNTtUso6MYTxIWMYIVqMYbL/0YqynBXJ+anVIOIn1g3ow3tuyWXR7rruDMha196/jvn/U192i8ufrdD1OSxzRRhGMph46dqZHGQjHCqWn6uaQZJpd4QocgJjimcqTLCoy1DZrQilIBX6KsUns7QuNYylkcgGfB UdZthXKZbZiryBtplmS5ogmpEkU5t1RqFe2wQiYoUXwGAiaCAVeLTLHAREHTmtt+GakV5pfjGBxSaRaVU4pD8DTNpp/Qa5LGMU5C7QdBhGPGZ0b7RUGQOg1ZMtEDU94row6ClIfGh+kBh0JvFlEU/aaCwAydkf4PueUYcPtAocmCfoaCD3g2xQFVuhofBECaObaOjU7q 5EIa0a/ATCpokqC8SgR/lkAfaGSM3jP1oBNzg69PTI3nSc0ILbo1nsIgZCSh+eWES09JhAUfy9TCuOamkaY57GSBVIa0badvfUqvKefWO7i1O9ZRLsKcLvLITFVKuT5DMQlG2m513d2O47y92V0QPLdrex2js3odmVwGYHuO7bgFQM/edfsgdHouQADAuOocrB/npo52 uAys77l9t3ubjd3u9Quww3r8FV0G0Ou2e05Bot3rOF6B1PY6fccD3ytYiEwynibGwPt16q/1rnDWbjm9lnsMD3kfVWcdvUKv0Q5y0C7aRx/RERogggz6gX6iX429Bml8afDK9d7KPOYFWjiN/B++aZbs</latexit>

T (A)
<latexit sha1_base64="j5Z+DIhgYwCPMk402dbMFZOAySg=">AAAEgnicbVPdbtMwFPa2wkb52+CSG4tp0obQSNqlayWQNsEFFzB107pNaqrKcZzWmvOD7TAqy8/A03ALz8ELIB6Dk6QTazZLiY7Pz3e+8+MgE1xpx/m9tLzSuHd/de1B8+Gjx0+erm88O1NpLikb 0FSk8iIgigmesIHmWrCLTDISB4KdB5fvC/v5VyYVT5NTPcvYKCaThEecEg2q8fqO35/ysR8TPaVEmFPrCxbpbVxqgsgcWuxLPpnqnfH6prPrlAffFty5sHmAj//+WVv1+uONlUM/TGkes0RTQZQauk6mR4ZIzalgtunnimWEXpIJG4KYkJipkSlrsngLNCGOUglfonGp vRlhSKzULA7As6Cq6rZCeZdtmOuoOzI8yXLNElolinKBdYqLBuGQS0a1mIFAqOTAFdMpkYRqaGNzyy8jjSbichyDQ6rsonLKSAiettn0E3ZF0zgmSWj8IIhIzMXMGr8oCFKnIU8mZmDLe2U0QZCK0PowT+BQ6O0iimbfdBDYoTsy/yE3XQtuHxg0WbLPUPChyKYkYNpU U4QASDPHNrE1SZ1cyCL2BZgpDU2STFSJ4M8T6AOLrDXvbD3oxF7jmxNb43lSM0KLboynMEgVKWh+OeHSU1GJ4eOZXhjX3DQyLIcFLZDKkJbj9vCn9IoJgd/ArdXG/VyGOVvkkdmqlHJ9hnISjIyzu+ftt1339fXugtD19pxu25qsXkem7gJwuq7jegVAx9n3eiC0Ox5A AMC46hysnxC2jnZ0F1iv6/W8vZtsnFanV4AdWQuPzq0/sdvCWWvX7ex6x/D6DlB11tAL9BJtIxftowP0EfXRAFH0Hf1AP9GvRqPxquE22pXr8tI85jlaOI23/wDYCYLe</latexit>

ΦT (A)
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TensorSketch: complexity analysis
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Savings grow as we have more tensor products

CountSketch applied naivelyCountSketch applied as TensorSketch

small CountSketches polynomial multiplication via FFTs

Complexity (per mat-vec):

generic dense matrix multiply

<latexit sha1_base64="9/OlxAGGjGF4nDak2/eQc75ma/w=">AAAEdXicbVPNbhMxEHbbACX8tcANkCxCUSuhdDfppsmhohVIcICqVKStlA2R1+ttVvX+YHspwfKFp+GEBM/AS3DkKbgyu5uKZltLtsbz883MN7aX8lAqy/o9N79Qu3L12uL1+o2bt27fWVq+eyCT TFDWpwlPxJFHJONhzPoqVJwdpYKRyOPs0Dt5kdsPPzEhwyR+ryYpG0bkOA6DkBIFqtHSQzfFW9hNP+hVe81gl/qJKq+tNTNaalhNq1j4omBPhcbzX1/+vPp+X++Nlhd2XD+hWcRiRTmRcmBbqRpqIlRIOTN1N5MsJfSEHLMBiDGJmBzqog2DV0Dj4yARsGOFC+35CE0i KSeRB54RUWNZteXKy2yDTAXdoQ7jNFMspmWiIONYJTjnBPuhYFTxCQiEihBqxXRMBKEKmKuvuEWkVoSfjCJwSKSZVY4Z8cHT1OtuzE5pEkUk9rXreQGJQj4x2s0bgtSJH8bHum+Ke2nUnpdw37gwQqgh15tZFMU+K88zA3uo/0M2bANuLxmQLNhbaHiHp2PiMaXdvH0P AiDNFFtHRsfV4nwWsI9QmVRAkmC8TARnGAMPLDBGb5lq0L45w9f7plLnfsUIFJ0bT24QMpBAfjHhwlNSgWGHqZoZ19Q01CyjhOdIRUjLsnv4TXLKOMfrcGu18V4m/IzN1pGaspXi+QzEsTfUVnPD2Wzb9rOztwtC19mwum2j02ofqbwMwOralu3kAB1r0+mB0O44AAEA o5I5eH6cmyra7mVgva7TczbOV2O1Or0cbNfkn86ufrGLwkGraXeazjursb2NyrWIHqDHaBXZaBNto9doD/URRV/RN/QD/Vz4W3tUe1J7WrrOz01j7qGZVVv/B0UPfds=</latexit>

p = p
(1)

· p
(2)

<latexit sha1_base64="eL7DcfbCJjDukucAx7sjvhkG+7U=">AAAEj3icbVPbbtMwGPZYgVFOG1xyYzENbQKVpF16uABtgguQYGwT3SY1pbIdp7XmHIgdRmX5itfgQXbNLbwAb8OftBNrNkuJPv+H7z+aplIo7Th/l24s127eur1yp3733v0HD1fXHh2pJM8Y77NE JtkJJYpLEfO+FlrykzTjJKKSH9PTN4X++BvPlEjiz3qa8mFExrEIBSMaRKPVth8RPWFEmk/Wp2K8ibGffjGb7pbFz2ewOYcK+zIZl2BrtLruNJzy4KvAnYP1nWfn4sfByfn+aG151w8Slkc81kwSpQauk+qhIZkWTHJb93PFU8JOyZgPAMYk4mpoygIt3gBJgMMkgy/W uJRe9jAkUmoaUbAsylFVXSG8TjfIddgdGhGnueYxmwUKc4l1gotu4UBknGk5BUBYJiBXzCYkI0xDT+sbfulpNJGnowgMEmUXhRNOArC09bof8zOWRBGJA+NTGpJIyKk1flEQhE4CEY9N35b3mdJQmsjA+jBcyKGQ20UWzb9rSu3AHZr/lOuuBbO3HJqc8Y9Q8K5MJ4Ry bcpJU3CAMHNuE1kTV5MLeMi/QmZKQ5MyLmeB4C9i6AMPrTWvbNXp0F7wm0NbyfOwooQWXRpPochUqKD55YRLS8UyDJ9I9cK45qqh4TmsbMFUujQdt4c/JGdcSvwSbs0W3s+zIOeLeaR2Vkq5PoNsTIfGaWx7nZbrvrjYXQBdb9vptqxJq3Wk6joCp+s6rlcQtJ2O1wPQ antAAQSjWedg/aS0Vba968h6Xa/nbV/Oxmm2ewXZnrXw6NzqE7sKjpoNt93wDuD17aDZWUFP0FO0iVzUQTvoHdpHfcTQT/QL/UZ/amu1Tu11bW57Y2nu8xgtnNr7f+lShcg=</latexit>

O
(

p
(1) + p

(2) + psmall log psmall)
<latexit sha1_base64="fzaBK/PcXrLfkQ9wrXV6b0ytrSU="></latexit>

O
(

p
(1)

· p
(2))

<latexit sha1_base64="Wf9Nh7eN9wQCitR+fXZqOqP3ck8="></latexit>

O
(

p
(1)

· p
(2)

· psmall)vs vs

<latexit sha1_base64="xxW3st+VbwyDK4faBxNxNvqYTtw=">AAAEjnicbVPNbtNAEN62AUr4S+GEOLCiqtRKKNhJnCaHilZwKBJUpSJtpThE6/U6sbr+6e6aEq32zEPwNFzhxo3n4AUY26lo3K5ka36/mflm10t5KJVl/VlaXqndun1n9W793v0HDx811h4fyyQT lA1owhNx6hHJeBizgQoVZ6epYCTyODvxzt7k/pMvTMgwiT+pWcpGEZnEYRBSosA0bjiuYl+Vfhdg46Z4B7vpZ71pbxnsUj9RpdpaVM+3zLixbjWt4uDrgj0X1neffhsnv5//PRyvrey5fkKziMWKciLl0LZSNdJEqJByZupuJllK6BmZsCGIMYmYHOliPoM3wOLjIBHw xQoX1qsZmkRSziIPIiOiprLqy403+YaZCnojHcZpplhMy0JBxrFKcE4W9kPBqOIzEAgVIfSK6ZQIQhVQWt9wi0ytCD8bRxCQSLNonDLiQ6Sp192YXdAkikjsa9fzAhKFfGa0mw8EpRM/jCd6YAq9dGrPS7hvXNgt9JDbzSJKvjjPM0N7pP9DrtsGwt4yIFmwDzDwHk+n xGNKu/n4HiRAmTm2joyOq835LGDn0JlUQJJgvCwE/zAGHlhgjN4x1aQjc4mvj0ylz6OKEyi6sp7cIWQggfxiw0WkpALDF6ZqYV1z10izjBKeIxUpLcvu4/fJBeMcvwKt1caHmfAztthHaspRiuszFBNvpK1mx9lu2/bLy7sLQs/pWL220Wl1jlTeBGD1bMt2coCute30 QWh3HYAAgHHJHFw/zk0V7eAmsH7P6Tudq91YrW4/Bzsw+aOzq0/sunDcatrdpvMRXt8uKs8qeoZeoE1ko220i/bRIRogir6jH+gn+lVr1Lq1ndrrMnR5aZ7zBC2c2v4/DT6GmA==</latexit>

If p = p
(1)

· p
(2)

· p
(q)

<latexit sha1_base64="SHh31EkgITPo4snNjBb408KxPVk=">AAAEoXicbVNNb9MwGPa2AqN8bXDkElENbQKNpF269oC0CQ5DgtFVdJvUlMp2nNaa87HYYVSWT/wfzvshXDjAb+FN0ok1m6VEj9+P5/00SQSXyrZ/Ly2v1O7cvbd6v/7g4aPHT9bWnx7LOEspG9BY xOkpwZIJHrGB4kqw0yRlOCSCnZCzd7n+5BtLJY+jL2qWsFGIJxEPOMUKROO1Ay/Eakqx0J+NR/hk07K85KvedLaM9aqEzRIKP1aylJzPlXAV8aQAW+O1hr1tF8e6CZw5aOy9vOQ/jk4ve+P1lX3Pj2kWskhRgaUcOnaiRhqnilPBTN3LJEswPcMTNgQY4ZDJkS5KNtYG SHwriFP4ImUV0useGodSzkIClnmBsqrLhbfphpkKOiPNoyRTLKJloCATloqtvH+Wz1NGlZgBwDTlkKtFpzjFVEGX6xte4akVFmfjEAxiaRaFU4Z9sDT1uhexCxqHIY587RES4JCLmdFeXhCEjn0eTfTAFPdSqQmJhW88GDfkkMvNIoti3xUhZuiM9H/KhmPA7D2DJqfs ExS8L5IpJkzpYvYEHCDMnFuHRkfV5HwWsHPITCpoUspEGQj+PII+sMAY/dZUnfrmil/3TSXPfkUJLbo2nlyRykBC84sJF5aSphZ8PFEL45qrRpplsMQ5U+HStJ2u9TG+YEJYb+DWbFm9LPUztphHYspSivUZphMy0vb2jrvbcpzXV7sLoOPu2J2W0Um1jkTeRmB3HNtx c4K2vet2AbTaLlAAwbjsHKyfEKbKdngbWbfjdt2d69nYzXY3Jzs0Bh6dU31iN8Fxc9tpb7tH8Pr2UHlW0XP0Am0iB+2iPXSAemiAKPqJfqE/6G+tUftQ69X6peny0tznGVo4teE/pMqMbQ==</latexit>

O
(

p
(1) + p

(2) + . . . p
(q) + psmall log psmall) vs

<latexit sha1_base64="9JfwbMLCtSMbJ7kCmPAAvCZVw6E="></latexit>

O
(

p
(1)

p
(2)

· · · p
(q))

<latexit sha1_base64="OphG43NzrEq1DILgy+o7w0w5yh4=">AAAEiHicbVPNbhMxEHZpgBL+WnrkYlFV4lC1u0k3P0hILXDgAFWImrZSNkRerzex6v3B9lIiyxfegafhCq+AxBvwDJyY3aSi2dbSrsbz883MN+MgE1xpx/m9cmu1dvvO3bV79fsPHj56vL7x5ESl uaRsQFORyrOAKCZ4wgaaa8HOMslIHAh2Gpy/Luynn5lUPE2O9Sxjo5hMEh5xSjSoxut7fm/Kx35M9JQSYY4tfoH9/kfjZxb7kk+mmkiZXix0yo7Xt5xdpzz4uuAuhK2DzV9/v/6xO73xxuqhH6Y0j1miqSBKDV0n0yNDpOZUMFv3c8UyQs/JhA1BTEjM1MiUnVm8DZoQ R6mEL9G41F6NMCRWahYH4Fm0oKq2QnmTbZjrqDMyPMlyzRI6TxTlAusUFzThkEtGtZiBQKjkUCumUyIJ1UBmfdsvI40m4nwcg0Oq7LJyykgInrZe9xN2QdM4Jklo/CCISMzFzBq/aAhSpyFPJmZgy/vcaIIgFaH1YapQQ6G3yyiafdFBYIfuyPyH3HItuL1hQLJk76Hh Q5FNScC0KacbQACkWWCb2JqkWlzIIvYJKlMaSJJMzBPBnyfAA4usNS9tNahvL/FN31bq7FeMQNGV8RQGqSIF5JcTLj0VlRg+numlcS1MI8NyWNMCqQxpOG4Xv0svmBB4D26NJu7lMszZch2ZnbdSrs9QToKRcXb3vXbTdXcudxeEjrfvdJrWZNU+YO9vAHA6ruN6BUDL aXtdEJotDyAAYDxnDtZPCFtFO7oJrNvxut7+1WqcRqtbgB3Z4tG51Sd2XThp7LqtXe8DvL4DND9r6Cl6hp4jF7XRAXqLemiAKPqGvqMf6GetXnNq7Vp37nprZRGziZZO7dU/4cGG5g==</latexit>

ΦT : R
p
→ R

psmall
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Method 9: Kronecker Fast Johnson-Lindenstrauss sketch
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Battaglino, Ballard, Kolda, “A practical randomized CP tensor decomposition”, SIAM J. Matrix Anal. Appl. (2018)  

Jin, Kolda, Ward. “Faster Johnson–Lindenstrauss transforms via Kronecker products,” Information and Inference: A Journal of the IMA (2021) 

Malik, B. “Guarantees for the Kronecker fast Johnson–Lindenstrauss transform using a coherence and sampling argument,” Lin. Alg. & its Applications (2020)

v = v
(1)

⊗ v
(2)

<latexit sha1_base64="9/OlxAGGjGF4nDak2/eQc75ma/w=">AAAEdXicbVPNbhMxEHbbACX8tcANkCxCUSuhdDfppsmhohVIcICqVKStlA2R1+ttVvX+YHspwfKFp+GEBM/AS3DkKbgyu5uKZltLtsbz883MN7aX8lAqy/o9N79Qu3L12uL1+o2bt27fWVq+eyCT TFDWpwlPxJFHJONhzPoqVJwdpYKRyOPs0Dt5kdsPPzEhwyR+ryYpG0bkOA6DkBIFqtHSQzfFW9hNP+hVe81gl/qJKq+tNTNaalhNq1j4omBPhcbzX1/+vPp+X++Nlhd2XD+hWcRiRTmRcmBbqRpqIlRIOTN1N5MsJfSEHLMBiDGJmBzqog2DV0Dj4yARsGOFC+35CE0i KSeRB54RUWNZteXKy2yDTAXdoQ7jNFMspmWiIONYJTjnBPuhYFTxCQiEihBqxXRMBKEKmKuvuEWkVoSfjCJwSKSZVY4Z8cHT1OtuzE5pEkUk9rXreQGJQj4x2s0bgtSJH8bHum+Ke2nUnpdw37gwQqgh15tZFMU+K88zA3uo/0M2bANuLxmQLNhbaHiHp2PiMaXdvH0P AiDNFFtHRsfV4nwWsI9QmVRAkmC8TARnGAMPLDBGb5lq0L45w9f7plLnfsUIFJ0bT24QMpBAfjHhwlNSgWGHqZoZ19Q01CyjhOdIRUjLsnv4TXLKOMfrcGu18V4m/IzN1pGaspXi+QzEsTfUVnPD2Wzb9rOztwtC19mwum2j02ofqbwMwOralu3kAB1r0+mB0O44AAEA o5I5eH6cmyra7mVgva7TczbOV2O1Or0cbNfkn86ufrGLwkGraXeazjursb2NyrWIHqDHaBXZaBNto9doD/URRV/RN/QD/Vz4W3tUe1J7WrrOz01j7qGZVVv/B0UPfds=</latexit>

p = p
(1)

· p
(2)

As for TensorSketch, suppose each column of data looks like

sizes:

=
Rpsmall

p

Fp

p

Dp

p
<latexit sha1_base64="TQoCI9+PdjRd96JHYjSMyKITRTQ=">AAAE03icbVPNbtNAEN62AUr4a4EblxVRJQ6oeJPYSQ4VRUSFA1QhIm2lOERre51YXf/gXVPCai+IK3eu8ADwErwER96EsZOKxO1Ktmbn55uZb2adhAdCGsaftfWNypWr1zavV2/cvHX7ztb23SMR Z6nLBm7M4/TEoYLxIGIDGUjOTpKU0dDh7Ng5fZ7bjz+wVARx9FbOEjYK6SQK/MClElTv7N40wHu4j+0DbHfHWzVj1ygOviiQhVB7+vvT3xc/76veeHvjl+3FbhaySLqcCjEkRiJHiqYycDnTVTsTLKHuKZ2wIYgRDZkYqaJsjXdA42E/TuGLJC60yxGKhkLMQgc8Qyqn omzLlZfZhpn02yMVREkmWeTOE/kZxzLGOQfYC1LmSj4DgbppALVid0pT6kpgqrpjF5FKUn46DsEhFnpVOWXUA09drdoRO3PjMKSRp2zH8WkY8JlWdt4QpI69IJqogS7uc6NynJh72oaRQQ25Xq+iSPZROo4ekpH6D1kjGty6DEhO2Wto+BlPptRhUtl5+w4EQJoFtgq1 isrFecxn76EyIYGklPF5IvgHEfDAfK3Vni4H9fU5vurrUp39khEoWhpPbkiFL4D8YsKFp3BTDF+QyJVxLUwjxTKX8hypCKkbpINfxWeMc/wEbvUG7mWplzHItFxIoue9FPszTCfOSBm7TbPVIOTx+fKC0DabRruhVaJ1GUBchmC0iUHMHMEyWmYHhIZlAgYgjOfcwQJy ri/AHV6G1mmbHbO5XI9Rtzo52mGZ2IPleOXwjC2IBnLUgS67dzXsyUouizSarQakqBPLIm0QiNGstyzd1RqeOCk/6IvCUX2XWLvmG6O2v4/mZxM9QA/RI0RQC+2jl6iHBshFKfqGvqMflUFFVT5Xvsxd19cWMffQyql8/QePoaBc</latexit>

Φ = RFD

uniform subsampling

Fourier-like diagonal with Rademacher r.v.

Recall the Fast Johnson-Lindenstrauss (FJLT):

<latexit sha1_base64="j0yypqBCAJxBbaZWd/4EsvQH8AM=">AAAFF3icbVPLbtNAFHXbACW8WliyGVFVaiWUevLOolIRUYSgVCHqS4pDNLbHyajjB54xJRrNh/QP2LFjyw6xRayQ2MIfsOfaSUXidiRbZ+7j3HvPzNgRZ0Ka5s+l5ZXCjZu3Vm8X79y9d//B2vrD YxEmsUOPnJCH8alNBOUsoEeSSU5Po5gS3+b0xD57nvpP3tNYsDA4lJOIDnwyCpjHHCLBNFzrWt0xG1qSfpDqVefl/qFGu6hncerJLWR13qotvK2R1Z4BZIWS+VRMXeVLVwZiNhrL7eHahlkys4WuAjwDG3vVvz8uwo873eH6yifLDZ3Ep4F0OBGij81IDhSJJXM41UUr ETQizhkZ0T7AgED9gcpG12gTLC7ywhi+QKLMOp+hiC/ExLch0idyLPK+1Hidr59IrzlQLIgSSQNnWshLOJIhSnVELoupI/kEAHFiBr0iZ0xi4khQu7hpZZlKEn429CEgFHrROKbEhUhdLFoBPXdC3yeBqyzb9ojP+EQrKx0ISocuC0bqSGf7qVPZdshdbcGxQw+pXS+y pMdp27qPB+o/5QbWENamIHJMX8PAz3g0JjaVykrHtyEBysy4la9VkG/OpR59B50JCSLFlE8LwZ8FoAP1tFa7Op/U05f8qqdzffZyTpBo7nhSRyw8AeJnJ5xFCidG8LFILhzXzDVQNHEIT5mylLKJW2g/PKecox3YlSuom8RuQqHSfCORns6S3Z9+PLIHyixVa40Kxk8v Ly+AZq1qNitaRVrnCcR1DGYTm7iWMtTNRq0FoFKvAQcwzN4cXEDO9RW6g+vYWs1aq1ad78cs11sp20Fe2M58vrJ5QmdCgziqo/PhbQ33ZKFWHVeqjQqUKON6HTcBYLNabtR1W2t44jj/oK+C43IJ10u1N/DW94zpWjUeG0+MLQMbDWPPeGF0jSPDMT4bv4zfxp/CReFL 4Wvh2zR0eWmW88hYWIXv/wDrmblQ</latexit>

ΦKFJLT = R

(

F (1)
D

(1) ⊗ F (2)
D

(2)
)

The Kronecker FJLT has a similar structure:

<latexit sha1_base64="xbNvsR7So+uHab/i+vo6pFLu5LQ=">AAAFz3icdVNJb9NAFHYooSVsLRy5jKgqtRJKPdlzqFREVXGAqq3oIsUhGo/HidXxgmfcEo0GceXOhQOcufFjOPFDuPNsJyVxw0i2n9/yve8tY0fcE9I0f5duLd0u31leuVu5d//Bw0era49PRZjE lJ3QkIfxuU0E417ATqQnOTuPYkZ8m7Mz++Jlaj+7ZLHwwuCtHEes75Nh4LkeJRJUg7XS8rHFmSs3kbX/Tm3iLY2svYmArFB6PhO5qTY1ZULsDUdyC1nUCSWaItghd8TYh4+61FO0HOOGrZYlyGEqO5VrFv8jsxg8j7/mORM8T3dB9usS8u9gdd2smtlBNwU8EdZ3G39+ fQ1/bB8O1pZ+Wk5IE58FknIiRA+bkewrEkuPcqYrViJYROgFGbIeiAEBin2VjUyjDdA4yA1jeAKJMu1shCK+SAmDp0/kSBRtqXKRrZdIt9NXXhAlkgU0T+QmHMkQpfNHjhczKvkYBEJjD7giOiIxoRK2pLJhZZFKEn4x8MEhFHpeOWLEAU9dqVgBu6Kh75PAUZZtu8T3 +FgrKy0IUoeOFwzVic7+c6Oy0zloC9YVOKR6PY8i2Qdp27qH++of5DrW4LbHoMkxewMFv+DRiNhMKist34YASDPBVr5WQZGcw1z2HpgJCU2KGc8TwdsLoA/M1Vrt6GLQsZ7iq2Nd4HlcMEKLZsaTGmLhCmh+NuHMU9AYweNFcm5cE1NfsYQSniJlITUTd9Hr8Ipxjrbh r1ZHh0nsJAwyzRKJdF5Ltj+9eGj3lVltNNt1jJ9PlxeETrNhdupaRVoXAcQiBLODTdxMEVpmu9kFod5qAgYgDPLewQJyrm/AHSxC63aa3WZjlo9Za3VTtINiY/dn45XNEzZpNDRH7eui+56GPZnL1cL1RrsOKWq41cIdELDZqLVbek9ruOK4eKFvCqe1Km5Vm0dw13eN /KwYT41nxqaBjbaxa7wyDo0Tg5aC0pfSt9L38lH5qvyx/Cl3vVWaxDwx5k758190Z/a0</latexit>
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F (1)
D
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(2)
)

·

(

v
(1) ⊗ v

(2)
)

= R

((

F (1)
D

(1)
v
(1)

)

⊗

(

F (2)
D

(2)
v
(2)

))

which is e"icient to apply since
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Malik, B. “Guarantees for the Kronecker fast Johnson–Lindenstrauss transform using a coherence and sampling argument,” Lin. Alg. & its Applications (2020)
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ΦKFJLT = R

(

F (1)
D

(1) ⊗ F (2)
D

(2) ⊗ . . .⊗ F (2)
D

(q)
)
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Theorem (Thm 4.2 in Malik, B. 2020) 

If all datapoints have a Kronecker structure, 

and  

then with probability at least
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∀xi, xj ∈ {x1, . . . , xN} ⊂ R
p
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1− ε ≤
‖Φxi − Φxj‖22
‖xi − xj‖22

≤ 1 + ε
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1− δ

proof idea: FJLT keeps leverage scores almost uniform. With Kronecker product structure, this is (almost) true also, 

due to properties of leverage scores of Kronecker products

in fact, can extend. See: Malik, Xu, Cheng, B., Doostan, Narayan.  

“Fast Algorithms for Monotone Lower Subsets of Kronecker Least Squares Problems”,  

https://arxiv.org/abs/2209.05662

<latexit sha1_base64="6HVUhTeVOcQDsQM4NxbZuQkOrd8=">AAAFYHicfVTNTttAEHaAtDT9Adpbe7FASEGtUq8Th+RQRNUeOLQIogaQ4iRar9eJxfoH7xoarfYNKvFCPbSP0Wufo4eOnaASk7LSWrMz8307f2snZj4XhvGrtLS8Un7wcPVR5fGTp8/W1jeen/Ao TQjtkohFyZmDOWV+SLvCF4yexQnFgcPoqXP+IbOfXtKE+1H4RUxi2g/wKPQ9n2ABquH6dzvm+p5uewkmEjWVNNXs0BhcKGlf0kGmYdHIZtQT1ZnNPhyY1YvXaAdcXMoEVnbij8ZiZ4FrPJBVcLwHQtxI8P8gL+5BDte3jJqRL/2ugGbC1v7eNf/x88/10XBj+ZvtRiQN aCgIw5z3kBGLvsSJ8AmjqmKnnMaYnOMR7YEY4oDyvszLrPRt0Li6FyWwQ6Hn2tsIiQPOJ4EDngEWY160ZcpFtl4qvFZf+mGcChqS6UVeynQR6VnPdNdPKBFsAgImiQ+x6mSMoUYCOlvZtnOkFJidDwNwiLiaV44pdsFTVSp2SK9IFAQ4dKXtOB4OfDaBsmYJwdWR64cj 2VX5eWqUjhMxV9kwYhBDplfzLIJ+FY6jeqgv/1FuIQVuHykUOaGfIeH3LB5jhwppZ+k7AIBrZtwyUDIsBudSj2YDyAUUKaFsehF8/RDqQD2l5DtVBHXUDb/sqEKcnYIRSnSrPZkh4R6H4ucdzj05SXTYfizm2jUz9SVNCWYZUw4xDdTWP0VXlDH9LZzMun6UJm5K5+OI 1TSVfHx6ycjpS6PWsHbrCL25mV0QWlbDaNWVjIt5xHwRgdFCBrIygqaxa7VBqDctoACC4bRyMH6MqSLb4SKydstqW43b0Rhms52RHRbxl3QRQbNhNlEWhNmso1bGZLbqbdTKfigwEDH3WRQqBe8XFV/rXeHErKFmzTqGh7yvTdeq9krb1Koa0na1fe1AO9K6Giltlg5K x6XOyu/yanmtvDF1XSrNMC+0uVV++RcLdtHE</latexit>

psmall >
16

2

4q

ε2
log

(

4N2(q + 1)

δ

)

log

(

4p(1)N2(q + 1)

δ

)

· · · log

(

4p(q)N2(q + 1)

δ

)



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

Method 9: Kronecker Fast Johnson-Lindenstrauss sketch

32

Theorem (Johnson-Lindenstrauss, 1984 (and Indyk-Motwani, 1998))

Choose Φ = Φrandn with psmall ∝ ε−2 log N iid rows each N (0, p/psmall), then for
all xi , xj ∈ {x1, . . . , xN } ⊂ Rp,

1 − ε ≤
‖Φxi − Φxj‖2

‖xi − xj‖2

≤ 1 + ε

with constant probability.
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ΦKFJLT = R

(

F (1)
D

(1) ⊗ F (2)
D

(2) ⊗ . . .⊗ F (2)
D

(q)
)
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Theorem (Thm 4.2 in Malik, B. 2020) 

If all datapoints have a Kronecker structure, 

and  

then with probability at least
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∀xi, xj ∈ {x1, . . . , xN} ⊂ R
p
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1− ε ≤
‖Φxi − Φxj‖22
‖xi − xj‖22

≤ 1 + ε
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no dependence on p
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Least-squares
Solve xLS = argmin ‖Ax − b‖, A is p × N with p $ N

Approach 1: randomization to quickly find preconditioner BLENDENPIK, LSRN

! If A = QR is a QR-decomposition, then AR−1 is well-conditioned

! Idea: do QR-decomp on reduced-dimension matrix ΦA

! On large, very ill-conditioned matrices (and tall), about 4× faster than LAPACK
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! Theoretical bounds on objective error if Φ has psmall = Npolylog(N ) rows

! i.e., psmall is independent of p
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Least-squares
Solve xLS = argmin ‖Ax − b‖, A is p × N with p $ N

Approach 1: randomization to quickly find preconditioner BLENDENPIK, LSRN

! If A = QR is a QR-decomposition, then AR−1 is well-conditioned

! Idea: do QR-decomp on reduced-dimension matrix ΦA

! On large, very ill-conditioned matrices (and tall), about 4× faster than LAPACK

Approach 2: directly solve sketched problem Sarlos, Woodruff, Mahoney, etc.

! Directly sove minx ‖Φ(Ax − b)‖

! Theoretical bounds on objective error if Φ has psmall = Npolylog(N ) rows

! i.e., psmall is independent of p

Other applications: SVDs, matrix multiplies, Nystrom/CUR/Interpolative Decompositions, QR without pivoting
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Step: recompute cluster means
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Step: recompute cluster means
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Step: recompute cluster means

Theorem: 

  K-means procedure (Lloyd’s algorithm) converges 

Proof:  

  There are only a !nite number of assignments, and 

we can never cycle since each iteration is an improvement
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Hard K-means / Lloyd’s algorithm:
{xi}i=1,...,N ⊂ Rp

1. Update cluster centers µk ∈ Rp for k = 1, . . . , K

2. Update assignments ci ∈ {1, . . . , K} for i = 1, . . . , N

Let X = (xi)i=1,...,N

xi Xp

N

To update assignment of xi :

! Compute ‖xi − µk‖ (cost: p flops).

! For all k, and all i, this means O(KNp) cost.
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Hard K-means / Lloyd’s algorithm:
{xi}i=1,...,N ⊂ Rp

1. Update cluster centers µk ∈ Rp for k = 1, . . . , K

2. Update assignments ci ∈ {1, . . . , K} for i = 1, . . . , N

Let X = (xi)i=1,...,N

xi Xp

N

To update assignment of xi :

! Compute ‖xi − µk‖ (cost: p flops).

! For all k, and all i, this means O(KNp) cost.

Y = Fp

p

Dp

p

Xp

N

Y ′ = Yp

N

Our idea: apply “preconditioned” entry-wise subsampling

Our sampling is suitable for streaming data
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MNIST handwritten digits

47

Goal: recover cluster centers, using K-means clustering algorithm
Data: N = 21,002 examples of 28 × 28 pixel images (p = 784)
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(a) true cluster centers (b) K-means, many passes

Truth Baseline (but slow!)
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(a) true cluster centers (b) K-means, many passes

(c) sparsified K-means, 1 pass,
no preconditioning

(d) sparsified K-means, 1 pass,
preconditioned

(g) feature extraction, 1 pass

(h) feature selection, 3 passes

Truth

vanilla entry-wise subsampling

Baseline (but slow!)

Other method in literature

Other method in literatureOur method
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(a) true cluster centers (b) K-means, many passes

(c) sparsified K-means, 1 pass,
no preconditioning

(d) sparsified K-means, 1 pass,
preconditioned

(g) feature extraction, 1 pass
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Accuracy on MNIST

51

Now look at classification accuracy (averaged over 50 trials)
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“two-pass” version even more accurate
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Speed on “In!nite MNIST”
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Time to find assignments Time to update all centers Combined time

Algorithm Absolute Speedup Absolute Speedup Absolute Speedup

K-means 130.0s 1× 150.8s 1× 280.8s 1×

Sparsified 1.3s 100× 5.7s 26.4× 7.0s 40.1×

“Infinite MNIST”, p = 784, but now N = 9,631,605 instead of 21,002

56 GB data, split into 58 chunks to keep RAM usage around 1 GB

at 20x undersampling; accuracy is 89% (vs 92% for K-means)
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53
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Tensor Background: what is a tensor?

54

! A tensor X ∈ RI1×I2×···×IN is an array of dimension N, also
called an N-way tensor or order N tensor.

! A matrix X ∈ RI1×I2 is a 2-way tensor.

! A vector x ∈ RI1 is a 1-way tensor.

! A scalar x ∈ R is a 0-way tensor.

Change in notation temporarily
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Examples of tensors
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For example, [Kolda & Sun, ’08] consider these datasets:

! The Enron dataset has size 1K × 1K × 1.1K × 200 and
consists of elements of the form (user,user,keyword,day).
Element (i , j , k, l) is 1 if user i sent an email to user j with
keyword k on day l , 0 otherwise.

! The DBLP dataset has size 5K × 1K × 1K and consists of
elements of the form (author,conference,keyword). Element
(i , j , k) is 1 if author i published a paper at conference j

containing the keyword k in the title, 0 otherwise.

Image: https://homes.cs.washington.edu/~jheer/projects/enron/

These are examples of sparse tensors

https://homes.cs.washington.edu/~jheer/projects/enron/
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For example, [Kolda & Sun, ’08] consider these datasets:

! The Enron dataset has size 1K × 1K × 1.1K × 200 and
consists of elements of the form (user,user,keyword,day).
Element (i , j , k, l) is 1 if user i sent an email to user j with
keyword k on day l , 0 otherwise.

! The DBLP dataset has size 5K × 1K × 1K and consists of
elements of the form (author,conference,keyword). Element
(i , j , k) is 1 if author i published a paper at conference j

containing the keyword k in the title, 0 otherwise.

[Austin et al., ’16] consider tensor data produced by high-fidelity
combustion simulations with the following properties:

! 3-dimensional spatial grid with 512 points per dimension

! 64 variables are tracked per grid point

! 128 time steps 512 x 512 x 512 x 64 x 128  (8 TB)
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Image: Center for Turbulence Research (Stanford)

This is a dense tensor

… we’ll want methods that work with both sparse and dense tensors
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b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization
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Criminology
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•

Others: 

! Chemometrics (emission x excitation x samples, for #uorescence spectroscopy) 

! Neuroscience (neuron x time x trial/stimulus, for calcium imaging) 

! Criminology (day x hour x location x crime, e.g., Chicago crime dataset)

Examples of tensors

57

For example, [Kolda & Sun, ’08] consider these datasets:

! The Enron dataset has size 1K × 1K × 1.1K × 200 and
consists of elements of the form (user,user,keyword,day).
Element (i , j , k, l) is 1 if user i sent an email to user j with
keyword k on day l , 0 otherwise.

! The DBLP dataset has size 5K × 1K × 1K and consists of
elements of the form (author,conference,keyword). Element
(i , j , k) is 1 if author i published a paper at conference j

containing the keyword k in the title, 0 otherwise.

[Austin et al., ’16] consider tensor data produced by high-fidelity
combustion simulations with the following properties:

! 3-dimensional spatial grid with 512 points per dimension

! 64 variables are tracked per grid point

! 128 time steps 512 x 512 x 512 x 64 x 128  (8 TB)

Images: Tamara Kolda
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c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

Others: 

! Chemometrics (emission x excitation x samples, for #uorescence spectroscopy) 

! Neuroscience (neuron x time x trial/stimulus, for calcium imaging) 

! Criminology (day x hour x location x crime, e.g., Chicago crime dataset)

Examples of tensors

58

For example, [Kolda & Sun, ’08] consider these datasets:

! The Enron dataset has size 1K × 1K × 1.1K × 200 and
consists of elements of the form (user,user,keyword,day).
Element (i , j , k, l) is 1 if user i sent an email to user j with
keyword k on day l , 0 otherwise.

! The DBLP dataset has size 5K × 1K × 1K and consists of
elements of the form (author,conference,keyword). Element
(i , j , k) is 1 if author i published a paper at conference j

containing the keyword k in the title, 0 otherwise.

[Austin et al., ’16] consider tensor data produced by high-fidelity
combustion simulations with the following properties:

! 3-dimensional spatial grid with 512 points per dimension

! 64 variables are tracked per grid point

! 128 time steps 512 x 512 x 512 x 64 x 128  (8 TB)

All these tensors have a time or sample index 

As time/samples increase, we don’t want to store old ones 

i.e., want a streaming/one-pass method 

  THIS IS A BIG MOTIVATION FOR SKETCHING

One-pass methods
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Tensor operations 1: matricization

59

Matricization (i.e., #attening) turns a tensor    into a matrix   

Same idea as turning a matrix (e.g., an image) into a vector

X(n)
<latexit sha1_base64="BhQw4FPgQjg07G7URAf2i+Oazdk="> kE0j/AuNc4A8BP84bCcNwp/6fhC2dA42nbg7yfamnAejg17ysHfwCpfokDTWInfJfbJPEvKIHJHn5JgMCSdn5BP5TL5EX6Nv0Y/oZxMa7axz7pANi379Bl9fEw8=</latexit>

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit>
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Matricization (i.e., #attening) turns a tensor    into a matrix   

Same idea as turning a matrix (e.g., an image) into a vector

X(n)
<latexit sha1_base64="BhQw4FPgQjg07G7URAf2i+Oazdk="> kE0j/AuNc4A8BP84bCcNwp/6fhC2dA42nbg7yfamnAejg17ysHfwCpfokDTWInfJfbJPEvKIHJHn5JgMCSdn5BP5TL5EX6Nv0Y/oZxMa7axz7pANi379Bl9fEw8=</latexit>

1

2
3

X(1)
<latexit sha1_base64="L6iinxKpObFDDWzslQjLKQOMb1c=">AAADMHicbVLLjtMwFPWEVymvDizZBKqRhk3VDAtmgzQIFmxAQ0U7lZqqsp2bqVU/QuwMVJY3fAMrxBY+gK+BFWLLV3DTFEE7XCnR8bmv4+vLCims6/e/70QXLl66fKV1tX3t+o2btzq7t0fWVCWH ITfSlGNGLUihYeiEkzAuSqCKSThhi6e1/+QMSiuMfu2WBUwVPdUiF5w6pGadTqqom7Pcj8PM7ycPwqzT7ff6K4vPg2QNukf3Xr7/8HE0Pp7tRq00M7xSoB2X1NpJ0i/c1NPSCS4htNPKQkH5gp7CBKGmCuzUr6SHeA+ZLM5NiZ928Yr9N8NTZe1SMYyshdptX03+zzep XH449UIXlQPNm0Z5JWNn4noOcSZK4E4uEVBeCtQa8zktKXc4rfZeusr0jsrFTGGAsWGTnAPNMDK026mGt9woRXXmU8ZyqoRcBp/WF8LWJhP61A/D6tw4PWNGZiHFZ0MNNR82qzh45xgLk2Tq/5bsJgHDngEOuYQXeOEnsphTBs43b4gJ2GZd26vg9ba4DHJ4g8qswyGV IJtG+Bca5wB5CP5x2E4ahD/1/SBs6RxsOnF3ku1NOQ9GB73kYe/gFS7RIWmsRe6S+2SfJOQROSLPyTEZEk7OyCfymXyJvkbfoh/RzyY02lnn3CEbFv36DbhHEtI=</latexit>

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit>

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit>
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Matricization (i.e., #attening) turns a tensor    into a matrix   

Same idea as turning a matrix (e.g., an image) into a vector

X(n)
<latexit sha1_base64="BhQw4FPgQjg07G7URAf2i+Oazdk="> kE0j/AuNc4A8BP84bCcNwp/6fhC2dA42nbg7yfamnAejg17ysHfwCpfokDTWInfJfbJPEvKIHJHn5JgMCSdn5BP5TL5EX6Nv0Y/oZxMa7axz7pANi379Bl9fEw8=</latexit>

1

2
3

X(1)
<latexit sha1_base64="L6iinxKpObFDDWzslQjLKQOMb1c=">AAADMHicbVLLjtMwFPWEVymvDizZBKqRhk3VDAtmgzQIFmxAQ0U7lZqqsp2bqVU/QuwMVJY3fAMrxBY+gK+BFWLLV3DTFEE7XCnR8bmv4+vLCims6/e/70QXLl66fKV1tX3t+o2btzq7t0fWVCWH ITfSlGNGLUihYeiEkzAuSqCKSThhi6e1/+QMSiuMfu2WBUwVPdUiF5w6pGadTqqom7Pcj8PM7ycPwqzT7ff6K4vPg2QNukf3Xr7/8HE0Pp7tRq00M7xSoB2X1NpJ0i/c1NPSCS4htNPKQkH5gp7CBKGmCuzUr6SHeA+ZLM5NiZ928Yr9N8NTZe1SMYyshdptX03+zzep XH449UIXlQPNm0Z5JWNn4noOcSZK4E4uEVBeCtQa8zktKXc4rfZeusr0jsrFTGGAsWGTnAPNMDK026mGt9woRXXmU8ZyqoRcBp/WF8LWJhP61A/D6tw4PWNGZiHFZ0MNNR82qzh45xgLk2Tq/5bsJgHDngEOuYQXeOEnsphTBs43b4gJ2GZd26vg9ba4DHJ4g8qswyGV IJtG+Bca5wB5CP5x2E4ahD/1/SBs6RxsOnF3ku1NOQ9GB73kYe/gFS7RIWmsRe6S+2SfJOQROSLPyTEZEk7OyCfymXyJvkbfoh/RzyY02lnn3CEbFv36DbhHEtI=</latexit>

X(2)
<latexit sha1_base64="gQspZz3r4MQXWeGVZZ/HgBwcfo4=">AAADMHicbVLLjtMwFPWEVwmvDizZBKqRhk3VlAWzQRoECzagoaKdSk1V2c5Na9V2QuwMVJY3fAMrxBY+gK+BFWLLV3DTFEE7XCnR8bmv4+vLCimM7fW+7wUXLl66fKV1Nbx2/cbNW+392yOTVyWH Ic9lXo4ZNSCFhqEVVsK4KIEqJuGULZ/W/tMzKI3I9Wu7KmCq6FyLTHBqkZq124midsEyN/Yzd9h/4GftTq/bW1t0HsQb0Dm+9/L9h4+j8clsP2glac4rBdpySY2ZxL3CTh0treASfJhUBgrKl3QOE4SaKjBTt5buowNk0ijLS/y0jdbsvxmOKmNWimFkLdTs+mryf75J ZbOjqRO6qCxo3jTKKhnZPKrnEKWiBG7lCgHlpUCtEV/QknKL0woPknWms1QuZwoDcuO3yQXQFCN9GCYa3vJcKapTlzCWUSXkyrukvhC2zlOh527o1+fG6RjLZeoTfDbUUPN+u4qFd5YxP4mn7m/JTuwx7BngkEt4gRd+IosFZWBd84aYgG02tZ3yTu+KSyGDN6jMWBxS CbJphH+hcQ6Qee8e+92kgf9T3w38js7BthN3J97dlPNg1O/GD7v9V7hER6SxFrlL7pNDEpNH5Jg8JydkSDg5I5/IZ/Il+Bp8C34EP5vQYG+Tc4dsWfDrN7sEEtM=</latexit>

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit>

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit>
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Matricization (i.e., #attening) turns a tensor    into a matrix   

Same idea as turning a matrix (e.g., an image) into a vector

X
<latexit sha1_base64="rzaQ56u5Tt1XyPq50BHvJpM/tXA=">AAADKXicbVLLbhMxFHWHVwivFpZIaERUiVU0UxZ0gyiCBRukNiJtpEwU2Z47jRU/hrEHiCwv+QS28AH8QFf8Aztgy5Kf4M4kCJJyJVvH576Or81KKaxLku9b0YWLly5f6VztXrt+4+at7Z3bx9bU FYchN9JUI0YtSKFh6ISTMCoroIpJOGHzZ43/5A1UVhj9yi1KmCh6qkUhOHVIjTNF3YxT6Udhut1L+klr8XmQrkDvyZezo1/v750dTneiTpYbXivQjktq7ThNSjfxtHKCSwjdrLZQUj6npzBGqKkCO/Gt5hDvIpPHhalwaRe37L8ZniprF4phZKPRbvoa8n++ce2K/YkX uqwdaL5sVNQydiZuBhDnogLu5AIB5ZVArTGf0Ypyh2Pq7mZtpndUzqcKA4wN6+QMaI6RodvNNLzlRimqc58xVlAl5CL4rLkQtja50Kd+GNrz0ukZMzIPGb4Xamj4sF7FwTvHWBinE/+3ZC8NGPYccMgVvMQLP5XljDJwvn0+hgnYZlXbq+D1prgcCniNyqzDIVUgl41w FxrnAEUI/nHYTBqEP/X9IGzoHKw78e+kmz/lPDje66cP+3tHSe9gnyytQ+6S++QBSckjckBekEMyJJwY8oF8JJ+iz9HX6Fv0Yxkaba1y7pA1i37+BoSzEj0=</latexit> X(n)

<latexit sha1_base64="BhQw4FPgQjg07G7URAf2i+Oazdk="> kE0j/AuNc4A8BP84bCcNwp/6fhC2dA42nbg7yfamnAejg17ysHfwCpfokDTWInfJfbJPEvKIHJHn5JgMCSdn5BP5TL5EX6Nv0Y/oZxMa7axz7pANi379Bl9fEw8=</latexit>

1

2
3

X(1)
<latexit sha1_base64="L6iinxKpObFDDWzslQjLKQOMb1c=">AAADMHicbVLLjtMwFPWEVymvDizZBKqRhk3VDAtmgzQIFmxAQ0U7lZqqsp2bqVU/QuwMVJY3fAMrxBY+gK+BFWLLV3DTFEE7XCnR8bmv4+vLCims6/e/70QXLl66fKV1tX3t+o2btzq7t0fWVCWH ITfSlGNGLUihYeiEkzAuSqCKSThhi6e1/+QMSiuMfu2WBUwVPdUiF5w6pGadTqqom7Pcj8PM7ycPwqzT7ff6K4vPg2QNukf3Xr7/8HE0Pp7tRq00M7xSoB2X1NpJ0i/c1NPSCS4htNPKQkH5gp7CBKGmCuzUr6SHeA+ZLM5NiZ928Yr9N8NTZe1SMYyshdptX03+zzep XH449UIXlQPNm0Z5JWNn4noOcSZK4E4uEVBeCtQa8zktKXc4rfZeusr0jsrFTGGAsWGTnAPNMDK026mGt9woRXXmU8ZyqoRcBp/WF8LWJhP61A/D6tw4PWNGZiHFZ0MNNR82qzh45xgLk2Tq/5bsJgHDngEOuYQXeOEnsphTBs43b4gJ2GZd26vg9ba4DHJ4g8qswyGV IJtG+Bca5wB5CP5x2E4ahD/1/SBs6RxsOnF3ku1NOQ9GB73kYe/gFS7RIWmsRe6S+2SfJOQROSLPyTEZEk7OyCfymXyJvkbfoh/RzyY02lnn3CEbFv36DbhHEtI=</latexit>

X(2)
<latexit sha1_base64="gQspZz3r4MQXWeGVZZ/HgBwcfo4=">AAADMHicbVLLjtMwFPWEVwmvDizZBKqRhk3VlAWzQRoECzagoaKdSk1V2c5Na9V2QuwMVJY3fAMrxBY+gK+BFWLLV3DTFEE7XCnR8bmv4+vLCimM7fW+7wUXLl66fKV1Nbx2/cbNW+392yOTVyWH Ic9lXo4ZNSCFhqEVVsK4KIEqJuGULZ/W/tMzKI3I9Wu7KmCq6FyLTHBqkZq124midsEyN/Yzd9h/4GftTq/bW1t0HsQb0Dm+9/L9h4+j8clsP2glac4rBdpySY2ZxL3CTh0treASfJhUBgrKl3QOE4SaKjBTt5buowNk0ijLS/y0jdbsvxmOKmNWimFkLdTs+mryf75J ZbOjqRO6qCxo3jTKKhnZPKrnEKWiBG7lCgHlpUCtEV/QknKL0woPknWms1QuZwoDcuO3yQXQFCN9GCYa3vJcKapTlzCWUSXkyrukvhC2zlOh527o1+fG6RjLZeoTfDbUUPN+u4qFd5YxP4mn7m/JTuwx7BngkEt4gRd+IosFZWBd84aYgG02tZ3yTu+KSyGDN6jMWBxS CbJphH+hcQ6Qee8e+92kgf9T3w38js7BthN3J97dlPNg1O/GD7v9V7hER6SxFrlL7pNDEpNH5Jg8JydkSDg5I5/IZ/Il+Bp8C34EP5vQYG+Tc4dsWfDrN7sEEtM=</latexit>

X(3)
<latexit sha1_base64="Sbvf1rbA29sjGrajoJ7lwIC/Sds=">AAADMHicbVLLjtMwFPWEVwmP6cCSTaAaadhUzcyC2SANggUb0FDRTqWmqmznprVqOyF2BirLG76BFWILH8DXwAqx5Su4aYqgHa6U6Pjc1/H1ZYUUxvZ633eCS5evXL3Wuh7euHnr9m57787Q5FXJ YcBzmZcjRg1IoWFghZUwKkqgikk4Y4untf/sHEojcv3aLguYKDrTIhOcWqSm7XaiqJ2zzI381B0cPfTTdqfX7a0sugjiNeic3H/5/sPH4eh0uhe0kjTnlQJtuaTGjONeYSeOllZwCT5MKgMF5Qs6gzFCTRWYiVtJ99E+MmmU5SV+2kYr9t8MR5UxS8UwshZqtn01+T/f uLLZ8cQJXVQWNG8aZZWMbB7Vc4hSUQK3comA8lKg1ojPaUm5xWmF+8kq01kqF1OFAbnxm+QcaIqRPgwTDW95rhTVqUsYy6gSculdUl8IW+ep0DM38Ktz43SM5TL1CT4baqh5v1nFwjvLmB/HE/e3ZCf2GPYMcMglvMALP5HFnDKwrnlDTMA269pOeae3xaWQwRtUZiwO qQTZNMK/0DgHyLx3j/12Ut//qe/6fktnf9OJuxNvb8pFMDzsxkfdw1e4RMeksRa5Rx6QAxKTR+SEPCenZEA4OSefyGfyJfgafAt+BD+b0GBnnXOXbFjw6ze9wRLU</latexit>X
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“tube” !bers
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Tensor operations 2: tensor-times-matrix
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3
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matricize

inverse matricize

normal matrix multiplication

X×1 A1 ×2 A2 = X×2 A2 ×1 A1
<latexit sha1_base64="fpGLWeJ1obyfaJaMkHdJBd1BW6A="> DbzHhg9VMWUc3Jxrjg6YZhHbZ8HrZnEJpPAJK7MOh2RAzRPhV2qcA6Qh+P3QdBqEq/h+EBp1DhpKHNESPZXC2NTi8GuGr1aS4pWFW6FroRp7KAVT1RZGzZ27Lhz3d6Ldnf4HXMc9Mj/r5Bl5QV6SiLwiB+QdOSJDIsjv1tMWbT1vX7S/tb+3L+ema62FzxOycto//gBsXltu</latexit>

Conveniently, order doesn’t matter*

Example:

• Let X ∈ RI×J×K and A ∈ RK×L.

• We define Y
def

= X ×3 A ∈ RI×J×L elementwise by

yijl =
K∑

k=1

xijkakl .

• In matrix terms, Y(3) = AX(3).

×3 =

3
I

J

K

LA

A

<latexit sha1_base64="DxZIwgktvrrD22e9NZkepig2q74="></latexit>
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X
<latexit sha1_base64="jLKMQr9KWoPHPuJ1+pm0Zw40Alg="></latexit>

Y
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X L

L

L K
<latexit sha1_base64="mmkgalxT5+nbG2gsfdsgnqy8Zfc=">AAAFCXicdVRLb9QwEHbbbSnLq4Ujl4iqUpFQtanE44JUHhJcWsqKbSttlspOJl1Txwm2UzayfOXChSuIn8CFG+LKr+BHcOTOJGkFybaWEk1mvvnmGbNMcG16vV8zs3Od+YULixe7ly5fuXptafn6 rk5zFcIgTEWq9hnVILiEgeFGwH6mgCZMwB47elLa945BaZ7KV6bIYJTQQ8ljHlKDqt3A8AT0wdJKb71XHW9a8E+Elc2FL3/k1/fzOwfLc7+DKA3zBKQJBdV66PcyM7JUGR4KcN3VINeQ0fCIHsIQRUkxzMhW+TpvFTWRF6cKH2m8Sts9y+NOdMwzfeI8qb3/B1qaaF0k DCkTasa6bSuVZ9mGuYkfjCyXWW5AhnVGcS48k3pll7yIKwiNKFCgoeJYlReOqaKhwV5idZWnNVQcHSQISLVrKsdAI0S6bjeQ8C5Mk4TKyAaMxTThonA2KCvH0GnE5aEduOq7NlrGUhG5AIeKOZR612QxMDGMuaE/sv8oV3yHsKeA41CwhQU/EtmYMjA2KMtn6IBhTrht 4qxsJxdBDG8xM22wSQpEHQjfXGIfIHbOPnRtp7475bd918qz3zI2rdLVAaqp2j5EZUothu0zMK/t2sZt58qGnw/dygUDpbDR223OpAF8IfgxPFMAsmxKmzRrxk8LKh6LHJzN2qznIrenSCenXYntxOHq4Y7FMSj8larfoTsFLkdWbnkqSoemvWjai7ad4QbQJiaoVM1x BGZMRWzrGrQpBAQxbrv1nd3AXuMF4bevg2lhd2Pdv7d+9yXeFJukPovkJrlF1ohP7pNN8pzskAEJyRvykXwinzsfOt863zs/aujszInPDdI4nZ9/ASvc1FE=</latexit>
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The Tucker decomposition

64

A Tucker decomposition of X ∈ RI1×I2×···×IN is of the form

X = G ×1 A
(1)

×2 A
(2)

· · · ×N A
(N) =: !G; A

(1)
, A

(2)
, . . . , A

(N)",

(3)

!

where G ∈ RR1×R2×···×RN and each A(n)
∈ RIn×Rn .

• G is the core tensor and A(n), n = 1, 2, . . . , N , are factor

matrices.

• We say that X is a rank-(R1, R2, . . . , RN ) tensor.

=<latexit sha1_base64="+ifACA/6j/I7CHkrTQBR/7o+4A0=">AAADH3icbVLLbhMxFHWHVwivFpZIaERUiVU00y7opqIIFmyQmoi0lTJRZHvuJFb8GMYeILK8ZMUWPoC/6IotO8S238BPcCcJgqRcaawz577OvTYrpbAuSS62oitXr12/0brZvnX7zt172zv3T6yp Kw4DbqSpzhi1IIWGgRNOwllZAVVMwimbvWj8p++gssLoN25ewkjRiRaF4NQh1Tscb3eSbrKw+DJIV6Dz7Nt579fHR+fH452oleWG1wq045JaO0yT0o08rZzgEkI7qy2UlM/oBIYINVVgR36hNMS7yORxYSr8tIsX7L8Znipr54phpKJuajd9Dfk/37B2xcHIC13WDjRf NipqGTsTN2PHuaiAOzlHQHklUGvMp7Si3OFy2rvZItM7KmdjhQHGhnVyCjTHyNBuZxrec6MU1bnPGCuoEnIefNYMhK1NLvTED8Lif+n0jBmZhwxvCTU0fFiv4uCDYywM05H/W7KTBgx7CbjkCl7jwM9lOaUMnM+a8RkmYJtVba+C15vicijgLSqzDpdUgVw2wlNo3AMU IfjDsJnUD3/q+37Y0Nlfd+LbSTdfymVwstdN97t7vaRzdECW1iIPyWPyhKTkKTkir8gxGRBOgHwin8mX6Gv0PfoR/VyGRlurnAdkzaKL3z0fDZA=</latexit>

(shorthand notation)
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Applications of the Tucker decomposition
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≈<latexit sha1_base64="wljHgpeUV3gdDMMgb1jiciQoFpM=">AAADJXicbVLLbhMxFHWHVwivFpZIaERUiVU00y7oBlEECzZIbUSaSpkosj13Eiu2Z7A90Mjykg9gCx/AL3TFH7BDSKz4AH6CO0kQJOVKY50593XutVklhXVJ8mMrunT5ytVrrevtGzdv3b6zvXP3 xJa14dDnpSzNKaMWpNDQd8JJOK0MUMUkDNjseeMfvAVjRalfu3kFI0UnWhSCU4fUIKNVZcqz8XYn6SYLiy+CdAU6T7+cH/96/+D8aLwTtbK85LUC7bik1g7TpHIjT40TXEJoZ7WFivIZncAQoaYK7Mgv9IZ4F5k8LkqDn3bxgv03w1Nl7VwxjFTUTe2mryH/5xvWrjgY eaGr2oHmy0ZFLWNXxs3wcS4McCfnCCg3ArXGfEoN5Q5X1N7NFpneUTkbKwwobVgnp0BzjAztdqbhHS+Vojr3GWMFVULOg8+agbB1mQs98f2w+F86PWOlzEOGd4UaGj6sV3Fw5hgLw3Tk/5bspAHDXgAu2cArHPiZrKaUgfNZMz7DBGyzqu1V8HpTXA4FvEFl1uGSDMhl IzyFxj1AEYJ/EjaTeuFPfd8LGzp76058O+nmS7kITva66X537zjpHB6QpbXIffKQPCIpeUwOyUtyRPqEkxn5QD6ST9Hn6Gv0Lfq+DI22Vjn3yJpFP38DmeoQhQ==</latexit>

• Data compression. Storing the red and green objects require

less storage than the full blue tensor.

• Data analysis. Use rows of factor matrices as feature

vectors—unsupervised learning.
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Given a data tensor X ∈ RI1×I2×···×IN , we can find a

decomposition X ≈ !G; A(1)
, . . . , A(N)" by solving the

optimization problem

min
G,A(1)

,...,A(N)
‖X − !G; A

(1)
, A

(2)
, . . . , A

(N)"‖2
, (4)

where G ∈ RR1×R2×···×RN and A(n) ∈ RIn×Rn for n = 1, 2, . . . , N .

• Nonlinear!

• A common approach to this issue is to use alternating least

squares (ALS): Minimize with respect to each A(n) and G one

at a time. Repeat!

• With ALS, each subproblem is linear and easily solved.

ALS same as higher-order orthogonal iteration (HOOI) 

and if you do just one iteration, it’s higher-order SVD (HOSVD)

i.e., Gauss-Siedel style
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Computing the Tucker decomposition

67

The algorithm looks like this. Repeat the following until

convergence:

1. For n = 1, . . . , N , update (10)

A
(n) = arg min

A∈RIn×Rn

∥

∥

∥

∥

∥

(

⊗1
i=N
i "=n

A
(i)

)

G
#
(n)A

#
− X

#
(n)

∥

∥

∥

∥

∥

2

F

. (11)

2. Update G = X ×1 A
(1)#

×2 A
(2)# · · · ×N A

(N)#
. (12)

Issues when dealing with large, sparse tensors:

• The Kronecker product matrix is huge.

• The series of tensor-times-matrix products is very costly, and

can require lots of additional memory when X is sparse.

• We address this problem by using TensorSketch.

G = arg min
Z∈RR1×···×RN

∥

∥

∥

(

⊗1

i=N
A

(i)
)

z(:) − x(:)

∥

∥

∥

2

2
.

Y = X ×1 A
(1)

×2 A
(2)

· · ·×N A
(N)

⇔

Y(n) = A
(n)

X(n)

(

A
(N)

⊗ · · ·⊗A
(n+1)

⊗ A
(n−1)

⊗ · · ·⊗ A
(1)

)T

Make extensive use of this identity:

(Line 12 follows if the factor matrices are orthogonalized)R
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Computing the Tucker decomposition

68

The algorithm looks like this. Repeat the following until

convergence:

1. For n = 1, . . . , N , update (10)

A
(n) = arg min

A∈RIn×Rn

∥

∥

∥

∥

∥

(

⊗1
i=N
i "=n

A
(i)

)

G
#
(n)A

#
− X

#
(n)

∥

∥

∥

∥

∥

2

F

. (11)

2. Update G = X ×1 A
(1)#

×2 A
(2)# · · · ×N A

(N)#
. (12)

Issues when dealing with large, sparse tensors:

• The Kronecker product matrix is huge.

• The series of tensor-times-matrix products is very costly, and

can require lots of additional memory when X is sparse.

• We address this problem by using TensorSketch.

Aside: we initially thought that solving the least-squares problem would be an issue, 

and something to !x with sketching, but this is not exactly the case

(partly because of many clever 

tricks due to orthogonality of A)
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Our modi!ed algorithm: Tucker-TS

69

We simply sketch each of these least-squares problems with

TensorSketch operators S(n), n = 1, . . . , N + 1, which are defined

at the start of the algorithm:

1. For n = 1, . . . , N , update

A
(n) = arg min

A∈RIn×Rn

∥

∥

∥

∥

∥

(

S
(n)

⊗1
i=N
i "=n

A
(i)

)

G
#
(n)A

#
− S

(n)
X

#
(n)

∥

∥

∥

∥

∥

2

F

.

(18)

2. Update

G = arg min
Z∈RR1×···×RN

∥

∥

∥

(

S
(N+1)

⊗1

i=N
A

(i)
)

z(:) − S
(N+1)

x(:)

∥

∥

∥

2

2
.

(19)

S
(n)

,S
(n′)

<latexit sha1_base64="qI9vEcrkhmjSHyLRWDWxFresV6E="> CaTwDjszFkXSIJtC+BUKdYDUe/fIrwYN/N/8buBX+hysOFGiM+OpHNqkBsWvJ1wzDdcBXlHYpXEtXLGDklNZbWG4unPnjeP9Xnivt/8K1/GANGeD3CK3yS4JyQNySF6QIzIknHwmX8hX8q212brfeth63FDX1xYxO2TptJ7/ASv5NJo=</latexit>

Tricks: 

‣ don’t draw new sketches each iteration 

‣ the TensorSketches have CountSketches/hashes in common 

‣ G update solved via conjugate gradient (CG) algo, and can prove it is well-conditioned 

‣ advanced tricks and variants in the paper

sketched once at 

very beginning

(and orthogonalize)
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Numerical experiment: sparse 3D tensor

70

1e+3 1e+4 1e+5 1e+6

Dimension size (I)

10-2

10-1

100

R
e

la
tiv

e
 e

rr
o

r

(a) Varying dimension size (I), R
true

 = R

  1e-2

  1e-1

  1e-0

TUCKER-TS (proposal)

TUCKER-TTMTS (proposal)

TUCKER-ALS/MET

FSTD1

MACH

1e+3 1e+4 1e+5 1e+6

Dimension size (I)

100

102

R
u

n
 t

im
e

 (
s)

(b) Varying dimension size (I), R
true

 = R

  10 s

  100 s

TUCKER-TS (proposal)

TUCKER-TTMTS (proposal)

TUCKER-ALS

MET(1)

MET(2)

FSTD1

MACH

Out of memory

Out of memory

Out of
memory

Figure 3: Relative error and run time for random sparse 3-way tensors

with varying dimension size I and nnz(Y) ≈ 1e+6. Both the true and

target ranks are (10, 10, 10).
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argmin
x

1

2
‖Ax− b‖22 ≈ argmin

x

1

2
‖Φ(Ax− b)‖22

= (A!Φ!ΦA)−1
A

!Φ!Φb
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argmin
x

1

2
‖Ax− b‖22 = (A!

A)−1
A

!
b

≈ (A!
A)−1

A
!Φ!Φb

Tucker-TS approximates least-squares like this: Tucker-TTMTS approximates least-squares like this:
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Figure 6: Five sample frames with their assigned classes. The frames (b) and (d) contain a disturbance.

38 GB video (can’t all !t into RAM): 2,200 frames, each of size 1,080 by 1,980 pixels  

Compute rank (10,10,10) factorization, 30 iterations max 

Find 3 factor matrices — take the one corresponding to time and run k-means clustering

(used Tucker-TTMTS variant)
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 depend on shape of 

 the hole)

Change in notation temporarily
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boundary traction

Inverse problem: what shape minimizes the vertical stress?

linear elasticity PDE 

(boundary conditions 

 depend on shape of 

 the hole)

parameterize the shape of the hole as follows, which automatically enforces a constant area constraint

r(θ) =
1

2π
+ δ

d/2−1∑

k=0

1
√

2k + 1
(x2k+1 sin((2k + 1) · θ) + x2k+2 cos((2k + 1) · θ))
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optimization variable:
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      is the loss which penalizes something like: 

‣ deviation from observations 

‣ drag 

‣ mass 

‣ cost of materials 

‣ compliance 

etc.

Generic PDE-constrained optimization

75

min
u,x

L(u) subject to φ(u, x) = 0
<latexit sha1_base64="mtwD4Pz8jwVb2Jk5hLXoHrgNBv0=">AAAC9XicbVFdaxNBFJ2sXzV+pfroy2AopCBhtxYsiFCxDz4oVDBtIRPCzOwkmWY+tjuztmGYH+KDb+KDL/4VX+uv8e4moGm9sHD33HvunXMPK5R0Pk0vW8mNm7du39m42753/8HDR53Nx0fOViUX A26VLU8YdUJJIwZeeiVOilJQzZQ4ZvO3df34syidtOaTXxRipOnUyInk1AM07hwQLc04VM8vInmFiaZ+xqkK72Ov2sbkrKI58eLCB1exU8E99jYu0WIme8Daxq9xOu50037aBL6eZKuki1ZxON5sfSG55ZUWxnNFnRtmaeFHgZZeciVim1ROFJTP6VQMITVUCzcKjdyI twDJ8cSW8BmPG/RfRqDauYVm0FnrcVdrNfi/2rDyk71RkKaovDB8uWhSKRCN69vhXJZwA7WAhPJSwlsxn9GScg8Xbm+Rhhk8VfOxhgbr4jo4EzSHzthuEyPOudWamjwQxiZUS7WIgdSCYLXNpZmGQWz+l8XAmFV5JGA1vKHG4/qU2ibG4jAbhb8ju1mEtgMBRy7FBxD8 RhUzyoQPjdUMCLBmNTvoGEwEM7Or1l1Pjnb62Yv+zsfd7v7uytYN9BQ9Qz2UoZdoH71Dh2iAOPqBfqFL9Ds5T74m35Lvy9akteI8QWuR/PwDgSX27w==</latexit>

φ(u, x) = 0 =⇒ u = u(x)
<latexit sha1_base64="Ec+mNHj8fotj08ZkAvPnNNMwPEM=">AAAC2nicbVFLixNBEO6MrzW+snr00hgWEpAwsy7oRVjRgxdhBbO7kA6hu6eSNOnHON2jCU1fvIkHL178IV71d/hv7JkMaHYtaPjqq6+quqpYIYV1afq7k1y5eu36jb2b3Vu379y919u/f2pNVXIY cyNNec6oBSk0jJ1wEs6LEqhiEs7Y6mUdP/sApRVGv3ObAqaKLrSYC05dpGa9ISmWYlA9Xg/xc5xi8r6iOREqtgbbOLiKgWqwHs56/XSUNoYvg6wFfdTayWy/853khlcKtOOSWjvJ0sJNPS2d4BJCl1QWCspXdAGTCDVVYKe+mSngg8jkeG7K+LTDDftvhqfK2o1iUamo W9qLsZr8X2xSufmzqRe6qBxovm00ryR2BtcLwrkogTu5iYDyUsS/Yr6kJeUurrF7QJpM76hczVQUGBt2ySXQPCpDt0s0fORGKapzTxibUyXkJnhSDxRbm1zohR+Hxt8GPWNG5oHEe8Y/1HzYreJg7RgLk2zq/5bsZyHKXkFccglv4sAvZLGkDJwn9fgsJsQ2bW2vgtch HjO7eLrL4PRwlD0ZHb496h8ftWfdQw/RIzRAGXqKjtFrdILGiKOv6Af6iX4lJPmUfE6+bKVJp815gHYs+fYH1a3qbQ==</latexit>

min
x

f(x)
def

= L (u(x))
<latexit sha1_base64="XA+5QPlyik08X1jqm4HqoNig6EM=">AAADUnicbVLNihNBEO4k6q5xdbN69DIYFrIgIbMRFERY0YMHhTWY3YV0CN09NUmT7p5xukcTmn4Qn8ar3r34Kp6sTCKarAUzVNdX9dUvz5W0rtf7Was3bty8tbd/u3nn4O69w9bR/QublYWAochU VlxxZkFJA0MnnYKrvACmuYJLPn+1wi8/QWFlZj64ZQ5jzaZGplIwh6ZJq0+1NBO/CBF9nnYWJxFNIIWPEdXMzQRT/m2gClLXKRGkhZzO3Mmk1e51e5VE15V4o7TPHvcrOZ8c1fdokolSg3FCMWtHcS93Y88KJ4WC0KSlhZyJOZvCCFXDNNixr7oL0TFakijNCvyMiyrr vxGeaWuXmqPnqmi7i62M/8NGpUufjb00eenAiHWitFSRy6LVqKJEFiCcWqLCRCGx1kjMWMGEw4E2j2kV6R1T84lGh8yGbeMMWIKeodmkBj6LTGtmEk85T5mWahk8XTWEqbNEmqkfhuq9Bj3nmUoCxc1iDSt72GZxsHCch1E89n8p23FAt9eAQy7gHTb8UuUzxsH5ap8c AzDNhtvr4M0Oa7V8LMw6nFEBap0H/9LgGCANwb8Iuw0Nwh96Pwg7hINtEE8n3j2U68rFaTfud0/f4w09IWvZJw/JI9IhMXlKzsgbck6GRJAv5Cv5Rr7Xf9R/NWqNxtq1XtvEPCBb0jj4DfqnHDk=</latexit>

∇f(x) =
∂L

∂u
·
∂u

∂x
<latexit sha1_base64="km6lR73NOnLtXhof0uqbf/1PCOQ=">AAADiXicbVLdahNBFJ4kamvqT6qX3gyGQkUI2VawCIVKvfBCoQaTFrIhzMyeTaaZnV13ZjVhmBfwAXwBX8hbH8BX8FbPbiJtUgd2OfOd73znZw7PlDS22/1Zqzdu3b6ztX23uXPv/oOHrd1HA5MW uYC+SFWaX3BmQEkNfSutgossB5ZwBed8dlr6zz9DbmSqP9pFBqOETbSMpWAWoXHrMtSMK0bj/fkzekzDOGfChRnLrWSKhgmzU8GUe+f9FVp4GoootTS0MLdVDS6HCBnr0cW1mLn341a72+lWh940gpXRPnn+ffDt19fDs/FufSuMUlEkoK1QzJhh0M3syJWSQoFvhoWB jIkZm8AQTc0SMCNXFeTpHiIRjdMcP21phV6PcCwxZpFwZJZdmk1fCf7PNyxsfDRyUmeFBS2WieJCUZvScsI0kjkIqxZoMJFLrJWKKcPJWHyH5l5YRTrL1GycICE1fh2cAouQ6ZvNUMMXkSYJ05ELOY9ZItWiHDM2hKnTSOqJ6/vqvnQ6zlMV+RAXAmsocb+uUr4Y534Y jNyVZDvwSHsDOOQc3mPDr1U2ZRysqxaAYwCmWWm7xDu9oRpBDJ+wMGNxRjmoZR78S41jgBi359hvNtTz/+Rdz28I9taduDrB5qLcNAYHneCwc/ABd+gFWZ5t8oQ8JfskIC/JCXlLzkifCPKD/CZ/aqSx0wgaR41XS2q9top5TNZO4/QvEkk0Bw==</latexit>

ü = c2∆u, u(0) = h
<latexit sha1_base64="lbbwivTI0aigN9Iu46Mg4rFp5J8=">AAADVHicbVJNbxMxEHUTSkuANgVuXCyiSkVCUTaAQEKViuiBC1KJSFspGyLbO5tY8drL2gtEln8Jv4Yr3JH4LxyY3QRBUkba1fjNmzcfNs+VtK7X+7nVaF7bvr6ze6N189btvf32wZ1za8pCwFAY ZYpLziwoqWHopFNwmRfAMq7ggs9fVfGLj1BYafQ7t8hhnLGplqkUzCE0aT+Nk8Q4XwZ6TGMHn10t6QtIghfhfZ/Gp6Aco+UjGr+g5VHvIRJnk3an1+3VRq860crpnNxLazubHDR24sSIMgPthGLWjqJe7saeFU4KBaEVlxZyJuZsCiN0NcvAjn3dTKCHiCQ0NQV+2tEa /TfDs8zaRcaRmTE3s5uxCvxfbFS69PnYS52XDrRYFkpLRZ2h1bJoIgsQTi3QYaKQ2CsVM1Yw4XClrcO4zvSOqfkkQ4KxYR2cAUuQGVqtWMMnYbKM6cTHnKcsk2oRfFwNhKVNIvXUD0N9XgY950YlIca7xR4qPKyrVLfFeRhFY/9XshMFpJ0CLrmANzjwS5XPGAfn42p8 jglYZqXts+D1hmoCKXzAxqzDHRWglnXwLzWuAdIQ/HHYHGgQ/sj7QdgQHKwH8elEmw/lqnPe70aPu/23+IaekKXtkvvkATkiEXlGTshrckaGRJAv5Cv5Rr43fjR+NZvN7SW1sbXKuUvWrLn3G2BcHQ8=</latexit>

u̇ = ∆u, u(0) = h
<latexit sha1_base64="gWDab0I+gEcUYMpQGRLAV6u+k6c=">AAADT3icbVJNbxMxEHUToG34aArcuFhElYqEot2CBBKqVEQPXJBKRNpK2SiyvbOJFa93sb1AZPlv8Gu4wp0jv4QbYnYTBEkZaVfPbz6eZzy8VNK6KPqx1Wpfu35je2e3c/PW7Tt73f2757aojICh KFRhLjmzoKSGoZNOwWVpgOVcwQWfv6r9Fx/AWFnod25RwjhnUy0zKZhDatKNkrRwvgr0mCanoByj1WOavKDVYfSo5hx8co2KN5AGPwuTbi/qR43RqyBegd7J/ayxs8l+axs1RJWDdkIxa0dxVLqxZ8ZJoSB0kspCycScTWGEULMc7Ng3ooEeIJPSrDD4aUcb9t8Mz3Jr FznHyJy5md301eT/fKPKZc/HXuqycqDFUiirFHUFredEU2lAOLVAwISReFcqZsww4XCanYOkyfSOqfkkx4DChnVyBizFyNDpJBo+iiLPmU59wnnGcqkWwSd1QyhdpFJP/TA056XTc16oNCT4rHiHmg/rVepX4TyM4rH/W7IXBww7BRyygTfY8EtVzhgH55O6fY4JKLOq 7fPg9UbVFDJ4jxezDmdkQC118C81jgGyEPxx2GxoEP6U94OwUXCw7sTViTcX5So4P+rHT/pHb3GHnpKl7ZAH5CE5JDF5Rk7Ia3JGhkSQz+QL+Uq+tb63frZ+tVehra0VuEfWrL37GzCsHGU=</latexit>

∆u = 0, u(Γ) = h
<latexit sha1_base64="QHr8ARs7/5icbHxhy+HRCzbjWcI=">AAADTnicbVLfaxNBEN5e1cb4o6n65stiKFSQmquCghQqFvRFqMG0hVwIu3tzyZK9vXN3Tw3L/hn+Nb7qu6/+I76Jzl0imtSBO2a/mfm+ndnhpZLW9XrfN6LNS5evbLWutq9dv3Fzu7Nz69QWlREw EIUqzDlnFpTUMHDSKTgvDbCcKzjjsxd1/Ow9GCsL/dbNSxjlbKJlJgVzCI07D5NjUI7Rih7S3gOaPKPVXvKS5Tm7j0ji4KNrRLyBNPhpGHe6vf1eY/SiEy+d7tGdrLGT8U60laSFqHLQTihm7TDulW7kmXFSKAjtpLJQMjFjExiiq1kOduQb0UB3EUlpVhj8tKMN+m+F Z7m185xjZs7c1K7HavB/sWHlsqcjL3VZOdBiIZRVirqC1mOiqTQgnJqjw4SReFcqpsww4XCY7d2kqfSOqdk4x4TChlVwCizFzNBuJxo+iAIHqlOfcJ6xXKp58EndEEoXqdQTPwjNeRH0nBcqDQm+Kt6hxsMqS/0qnIdhPPJ/KbtxwLRjwCEbeI0NP1fllHFwPqnb51iA Mktunwev11hTyOAdXsw6nJEBtdDBv9Q4BshC8IdhvaF++EPv+2GNsL8axNWJ1xflonN6sB8/2j94gzv0mCysRe6Se2SPxOQJOSKvyAkZEEE+kc/kC/kafYt+RD+jX4vUaGNZc5us2GbrN8TEHIk=</latexit>

Examples:

“x” is the initial condition 

“x” is a parameter 

“x” is the boundary condition

implicitly saying that u solves the PDE

Rewrite:

… but !nding the gradient is tricky:

L(u)
<latexit sha1_base64="BVJVkWHas9tKfGdszigB/wjjthQ=">AAADK3icbVJLbxMxEHaXR0t4tcCNy4qoUrlE2YIEF6QiOHAAqUSkrZQNke2dTaz4sdheILL8P7jCnV/DCcSV/8HsJgiSMpKt8Tcz3zw8rJLC+X7/+1Zy4eKly9s7VzpXr12/cXN379aJM7XlMORG GnvGqAMpNAy98BLOKgtUMQmnbP6ssZ++B+uE0W/8ooKxolMtSsGpR+htrqifcSrDy3hQ35/sdvu9fivpeSVbKd2jO2Urx5O9ZDsvDK8VaM8ldW6U9Ss/DtR6wSXETl47qCif0ymMUNVUgRuHtuyY7iNSpKWxeLRPW/TfiECVcwvF0LMp023aGvB/tlHty8fjIHRVe9B8 maisZepN2swgLYQF7uUCFcqtwFpTPqOWco+T6uznbWTwVM4nCh2Mi+vgDGiBnrHTyTV84EYpqouQM1ZSJeQihrxpCFObQuhpGMb2vTQGxowsYo5fhjU0eFxn8fDRMxZH2Tj8pexmEd2eAw7Zwits+KmsZpSBD+0PMgzANCvuoGLQG6wFlPAOC3MeZ2RBLvPgLTSOAcoY w5O42dAg/qEPg7hBOFg34upkm4tyXjk57GUPeoevcYcekqXskLvkHjkgGXlEjsgLckyGhBNLPpHP5EvyNfmW/Eh+Ll2TrVXMbbImya/fFSYRbQ==</latexit>



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

      is the loss which penalizes something like: 

‣ deviation from observations 

‣ drag 

‣ mass 

‣ cost of materials 

‣ compliance 

etc.

Generic PDE-constrained optimization

76

min
u,x

L(u) subject to φ(u, x) = 0
<latexit sha1_base64="mtwD4Pz8jwVb2Jk5hLXoHrgNBv0=">AAAC9XicbVFdaxNBFJ2sXzV+pfroy2AopCBhtxYsiFCxDz4oVDBtIRPCzOwkmWY+tjuztmGYH+KDb+KDL/4VX+uv8e4moGm9sHD33HvunXMPK5R0Pk0vW8mNm7du39m42753/8HDR53Nx0fOViUX A26VLU8YdUJJIwZeeiVOilJQzZQ4ZvO3df34syidtOaTXxRipOnUyInk1AM07hwQLc04VM8vInmFiaZ+xqkK72Ov2sbkrKI58eLCB1exU8E99jYu0WIme8Daxq9xOu50037aBL6eZKuki1ZxON5sfSG55ZUWxnNFnRtmaeFHgZZeciVim1ROFJTP6VQMITVUCzcKjdyI twDJ8cSW8BmPG/RfRqDauYVm0FnrcVdrNfi/2rDyk71RkKaovDB8uWhSKRCN69vhXJZwA7WAhPJSwlsxn9GScg8Xbm+Rhhk8VfOxhgbr4jo4EzSHzthuEyPOudWamjwQxiZUS7WIgdSCYLXNpZmGQWz+l8XAmFV5JGA1vKHG4/qU2ibG4jAbhb8ju1mEtgMBRy7FBxD8 RhUzyoQPjdUMCLBmNTvoGEwEM7Or1l1Pjnb62Yv+zsfd7v7uytYN9BQ9Qz2UoZdoH71Dh2iAOPqBfqFL9Ds5T74m35Lvy9akteI8QWuR/PwDgSX27w==</latexit>

φ(u, x) = 0 =⇒ u = u(x)
<latexit sha1_base64="Ec+mNHj8fotj08ZkAvPnNNMwPEM=">AAAC2nicbVFLixNBEO6MrzW+snr00hgWEpAwsy7oRVjRgxdhBbO7kA6hu6eSNOnHON2jCU1fvIkHL178IV71d/hv7JkMaHYtaPjqq6+quqpYIYV1afq7k1y5eu36jb2b3Vu379y919u/f2pNVXIY cyNNec6oBSk0jJ1wEs6LEqhiEs7Y6mUdP/sApRVGv3ObAqaKLrSYC05dpGa9ISmWYlA9Xg/xc5xi8r6iOREqtgbbOLiKgWqwHs56/XSUNoYvg6wFfdTayWy/853khlcKtOOSWjvJ0sJNPS2d4BJCl1QWCspXdAGTCDVVYKe+mSngg8jkeG7K+LTDDftvhqfK2o1iUamo W9qLsZr8X2xSufmzqRe6qBxovm00ryR2BtcLwrkogTu5iYDyUsS/Yr6kJeUurrF7QJpM76hczVQUGBt2ySXQPCpDt0s0fORGKapzTxibUyXkJnhSDxRbm1zohR+Hxt8GPWNG5oHEe8Y/1HzYreJg7RgLk2zq/5bsZyHKXkFccglv4sAvZLGkDJwn9fgsJsQ2bW2vgtch HjO7eLrL4PRwlD0ZHb496h8ftWfdQw/RIzRAGXqKjtFrdILGiKOv6Af6iX4lJPmUfE6+bKVJp815gHYs+fYH1a3qbQ==</latexit>

min
x

f(x)
def

= L (u(x))
<latexit sha1_base64="XA+5QPlyik08X1jqm4HqoNig6EM=">AAADUnicbVLNihNBEO4k6q5xdbN69DIYFrIgIbMRFERY0YMHhTWY3YV0CN09NUmT7p5xukcTmn4Qn8ar3r34Kp6sTCKarAUzVNdX9dUvz5W0rtf7Was3bty8tbd/u3nn4O69w9bR/QublYWAochU VlxxZkFJA0MnnYKrvACmuYJLPn+1wi8/QWFlZj64ZQ5jzaZGplIwh6ZJq0+1NBO/CBF9nnYWJxFNIIWPEdXMzQRT/m2gClLXKRGkhZzO3Mmk1e51e5VE15V4o7TPHvcrOZ8c1fdokolSg3FCMWtHcS93Y88KJ4WC0KSlhZyJOZvCCFXDNNixr7oL0TFakijNCvyMiyrr vxGeaWuXmqPnqmi7i62M/8NGpUufjb00eenAiHWitFSRy6LVqKJEFiCcWqLCRCGx1kjMWMGEw4E2j2kV6R1T84lGh8yGbeMMWIKeodmkBj6LTGtmEk85T5mWahk8XTWEqbNEmqkfhuq9Bj3nmUoCxc1iDSt72GZxsHCch1E89n8p23FAt9eAQy7gHTb8UuUzxsH5ap8c AzDNhtvr4M0Oa7V8LMw6nFEBap0H/9LgGCANwb8Iuw0Nwh96Pwg7hINtEE8n3j2U68rFaTfud0/f4w09IWvZJw/JI9IhMXlKzsgbck6GRJAv5Cv5Rr7Xf9R/NWqNxtq1XtvEPCBb0jj4DfqnHDk=</latexit>

∇f(x) =
∂L

∂u
·
∂u

∂x
<latexit sha1_base64="km6lR73NOnLtXhof0uqbf/1PCOQ=">AAADiXicbVLdahNBFJ4kamvqT6qX3gyGQkUI2VawCIVKvfBCoQaTFrIhzMyeTaaZnV13ZjVhmBfwAXwBX8hbH8BX8FbPbiJtUgd2OfOd73znZw7PlDS22/1Zqzdu3b6ztX23uXPv/oOHrd1HA5MW uYC+SFWaX3BmQEkNfSutgossB5ZwBed8dlr6zz9DbmSqP9pFBqOETbSMpWAWoXHrMtSMK0bj/fkzekzDOGfChRnLrWSKhgmzU8GUe+f9FVp4GoootTS0MLdVDS6HCBnr0cW1mLn341a72+lWh940gpXRPnn+ffDt19fDs/FufSuMUlEkoK1QzJhh0M3syJWSQoFvhoWB jIkZm8AQTc0SMCNXFeTpHiIRjdMcP21phV6PcCwxZpFwZJZdmk1fCf7PNyxsfDRyUmeFBS2WieJCUZvScsI0kjkIqxZoMJFLrJWKKcPJWHyH5l5YRTrL1GycICE1fh2cAouQ6ZvNUMMXkSYJ05ELOY9ZItWiHDM2hKnTSOqJ6/vqvnQ6zlMV+RAXAmsocb+uUr4Y534Y jNyVZDvwSHsDOOQc3mPDr1U2ZRysqxaAYwCmWWm7xDu9oRpBDJ+wMGNxRjmoZR78S41jgBi359hvNtTz/+Rdz28I9taduDrB5qLcNAYHneCwc/ABd+gFWZ5t8oQ8JfskIC/JCXlLzkifCPKD/CZ/aqSx0wgaR41XS2q9top5TNZO4/QvEkk0Bw==</latexit>

ü = c2∆u, u(0) = h
<latexit sha1_base64="lbbwivTI0aigN9Iu46Mg4rFp5J8=">AAADVHicbVJNbxMxEHUTSkuANgVuXCyiSkVCUTaAQEKViuiBC1KJSFspGyLbO5tY8drL2gtEln8Jv4Yr3JH4LxyY3QRBUkba1fjNmzcfNs+VtK7X+7nVaF7bvr6ze6N189btvf32wZ1za8pCwFAY ZYpLziwoqWHopFNwmRfAMq7ggs9fVfGLj1BYafQ7t8hhnLGplqkUzCE0aT+Nk8Q4XwZ6TGMHn10t6QtIghfhfZ/Gp6Aco+UjGr+g5VHvIRJnk3an1+3VRq860crpnNxLazubHDR24sSIMgPthGLWjqJe7saeFU4KBaEVlxZyJuZsCiN0NcvAjn3dTKCHiCQ0NQV+2tEa /TfDs8zaRcaRmTE3s5uxCvxfbFS69PnYS52XDrRYFkpLRZ2h1bJoIgsQTi3QYaKQ2CsVM1Yw4XClrcO4zvSOqfkkQ4KxYR2cAUuQGVqtWMMnYbKM6cTHnKcsk2oRfFwNhKVNIvXUD0N9XgY950YlIca7xR4qPKyrVLfFeRhFY/9XshMFpJ0CLrmANzjwS5XPGAfn42p8 jglYZqXts+D1hmoCKXzAxqzDHRWglnXwLzWuAdIQ/HHYHGgQ/sj7QdgQHKwH8elEmw/lqnPe70aPu/23+IaekKXtkvvkATkiEXlGTshrckaGRJAv5Cv5Rr43fjR+NZvN7SW1sbXKuUvWrLn3G2BcHQ8=</latexit>

u̇ = ∆u, u(0) = h
<latexit sha1_base64="gWDab0I+gEcUYMpQGRLAV6u+k6c=">AAADT3icbVJNbxMxEHUToG34aArcuFhElYqEot2CBBKqVEQPXJBKRNpK2SiyvbOJFa93sb1AZPlv8Gu4wp0jv4QbYnYTBEkZaVfPbz6eZzy8VNK6KPqx1Wpfu35je2e3c/PW7Tt73f2757aojICh KFRhLjmzoKSGoZNOwWVpgOVcwQWfv6r9Fx/AWFnod25RwjhnUy0zKZhDatKNkrRwvgr0mCanoByj1WOavKDVYfSo5hx8co2KN5AGPwuTbi/qR43RqyBegd7J/ayxs8l+axs1RJWDdkIxa0dxVLqxZ8ZJoSB0kspCycScTWGEULMc7Ng3ooEeIJPSrDD4aUcb9t8Mz3Jr FznHyJy5md301eT/fKPKZc/HXuqycqDFUiirFHUFredEU2lAOLVAwISReFcqZsww4XCanYOkyfSOqfkkx4DChnVyBizFyNDpJBo+iiLPmU59wnnGcqkWwSd1QyhdpFJP/TA056XTc16oNCT4rHiHmg/rVepX4TyM4rH/W7IXBww7BRyygTfY8EtVzhgH55O6fY4JKLOq 7fPg9UbVFDJ4jxezDmdkQC118C81jgGyEPxx2GxoEP6U94OwUXCw7sTViTcX5So4P+rHT/pHb3GHnpKl7ZAH5CE5JDF5Rk7Ia3JGhkSQz+QL+Uq+tb63frZ+tVehra0VuEfWrL37GzCsHGU=</latexit>

∆u = 0, u(Γ) = h
<latexit sha1_base64="QHr8ARs7/5icbHxhy+HRCzbjWcI=">AAADTnicbVLfaxNBEN5e1cb4o6n65stiKFSQmquCghQqFvRFqMG0hVwIu3tzyZK9vXN3Tw3L/hn+Nb7qu6/+I76Jzl0imtSBO2a/mfm+ndnhpZLW9XrfN6LNS5evbLWutq9dv3Fzu7Nz69QWlREw EIUqzDlnFpTUMHDSKTgvDbCcKzjjsxd1/Ow9GCsL/dbNSxjlbKJlJgVzCI07D5NjUI7Rih7S3gOaPKPVXvKS5Tm7j0ji4KNrRLyBNPhpGHe6vf1eY/SiEy+d7tGdrLGT8U60laSFqHLQTihm7TDulW7kmXFSKAjtpLJQMjFjExiiq1kOduQb0UB3EUlpVhj8tKMN+m+F Z7m185xjZs7c1K7HavB/sWHlsqcjL3VZOdBiIZRVirqC1mOiqTQgnJqjw4SReFcqpsww4XCY7d2kqfSOqdk4x4TChlVwCizFzNBuJxo+iAIHqlOfcJ6xXKp58EndEEoXqdQTPwjNeRH0nBcqDQm+Kt6hxsMqS/0qnIdhPPJ/KbtxwLRjwCEbeI0NP1fllHFwPqnb51iA Mktunwev11hTyOAdXsw6nJEBtdDBv9Q4BshC8IdhvaF++EPv+2GNsL8axNWJ1xflonN6sB8/2j94gzv0mCysRe6Se2SPxOQJOSKvyAkZEEE+kc/kC/kafYt+RD+jX4vUaGNZc5us2GbrN8TEHIk=</latexit>

Examples:

“x” is the initial condition 

“x” is a parameter 

“x” is the boundary condition

implicitly saying that u solves the PDE

Rewrite:

… but !nding the gradient is tricky:

L(u)
<latexit sha1_base64="BVJVkWHas9tKfGdszigB/wjjthQ=">AAADK3icbVJLbxMxEHaXR0t4tcCNy4qoUrlE2YIEF6QiOHAAqUSkrZQNke2dTaz4sdheILL8P7jCnV/DCcSV/8HsJgiSMpKt8Tcz3zw8rJLC+X7/+1Zy4eKly9s7VzpXr12/cXN379aJM7XlMORG GnvGqAMpNAy98BLOKgtUMQmnbP6ssZ++B+uE0W/8ooKxolMtSsGpR+htrqifcSrDy3hQ35/sdvu9fivpeSVbKd2jO2Urx5O9ZDsvDK8VaM8ldW6U9Ss/DtR6wSXETl47qCif0ymMUNVUgRuHtuyY7iNSpKWxeLRPW/TfiECVcwvF0LMp023aGvB/tlHty8fjIHRVe9B8 maisZepN2swgLYQF7uUCFcqtwFpTPqOWco+T6uznbWTwVM4nCh2Mi+vgDGiBnrHTyTV84EYpqouQM1ZSJeQihrxpCFObQuhpGMb2vTQGxowsYo5fhjU0eFxn8fDRMxZH2Tj8pexmEd2eAw7Zwits+KmsZpSBD+0PMgzANCvuoGLQG6wFlPAOC3MeZ2RBLvPgLTSOAcoY w5O42dAg/qEPg7hBOFg34upkm4tyXjk57GUPeoevcYcekqXskLvkHjkgGXlEjsgLckyGhBNLPpHP5EvyNfmW/Eh+Ll2TrVXMbbImya/fFSYRbQ==</latexit>
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1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

Why not just !nd gradients automatically?

77

• The adjoint state method and reverse-mode automatic di!erentiation can 

automatically calculate gradients in about the same time (~4x) as a function 

evaluation 

• … so if we can evaluate       numerically, we can !nd the gradient 

• (this applies if              ;                   with          is another story) 

• Requires specialized/restricted libraries/code (dolfin-adjoint/FEniCS, autograd) 

• Adjoint state method requires a method to solve adjoint PDE 

• di"icult to maintain in large code bases, e.g., 4D-var for weather codes 

• Slow if used for intermediate calculations involving some  

• e.g., seismic inversion with many observations 

• Possible memory explosion 

• e.g., time-dependent problems.  Check-pointing schemes somewhat helpful 

• Requires access to original source code 

• Assumes a computational structure 

• inapplicable for physical observations (wind farms; rollout in AI)

f : R
d
→ R

<latexit sha1_base64="n4Tb/CMIfZqoX3Mi2+ij5iGRgq8=">AAADNHicbVJLixNBEO4dH7uOj80qnrwMhgW9hMyuoAjiigpehDWY3YVMDN09NUmTnu6xu8c1NP1jvOrdi79E8CYevPgbrEkimqwFM3zzVdVXjylWSWFdt/t1Izp3/sLFza1L8eUrV69tt3auH1ld Gw59rqU2J4xakEJB3wkn4aQyQEsm4ZhNnzb+43dgrNDqtZtVMCzpWIlCcOqQGrVuFg+z3ps8yYwYTxw1Rp8mWW/Uanc73bklZ0G6BO2D7Z+P78Zfnh+OdqLNLNe8LkE5Lqm1g7RbuaGnxgkuIcRZbaGifErHMECoaAl26Of9h2QXmTwptMFHuWTO/pvhaWntrGQYWVI3 seu+hvyfb1C74sHQC1XVDhRfFCpqmTidNMtIcmGAOzlDQLkR2GvCJ9RQ7nBl8W42z/SOyumoxABtwyo5AZpjZIjjTMEp12VJVe4zxgpaCjkLPmsGwtI6F2rs+2H+vXB6xrTMQ4b/Dnto+LCq4uC9YywM0qH/K9lOA4Y9A1yygZc48BNZTSgD57NmfIYJWGap7cvg1Zpq DgW8xcaswx0ZkIs6+BYK1wBFCP5RWB+oF/7I+15YE+ytOvF00vVDOQuO9jrpfmfvFd7QPbKwLXKL3CZ3SErukwPyghySPuHEkw/kI/kUfY6+Rd+jH4vQaGOZc4OsWPTrN0TKFDk=</latexit>

f : R
d
→ R

q
<latexit sha1_base64="btPuBYEC2BqSSYH3DrOaXi8sDy8=">AAADSXicbVLNbhMxEHY3QMvy0xSOXFZElYBDlG2RQEiIIkDiglQi0lbKhsj2ziZWvN6t7aVElt+Bp+HCAe48AY/AkRvixOwmCJIykq3xNzPf/HhYKYWxvd63jaB14eKlza3L4ZWr165vt3duHJmi 0hwGvJCFPmHUgBQKBlZYCSelBpozCcds9qy2H78DbUSh3th5CaOcTpTIBKcWoXH7XvYo6b9No0SLydRSrYuzCAGXWHhvG3qnIfXu1Ptxu9Pr9hqJzivxUukcbH9/cjf89OJwvBNsJmnBqxyU5ZIaM4x7pR05qq3gEnyYVAZKymd0AkNUFc3BjFyT1Ue7iKRRVmg8ykYN +m+Eo7kx85yhZ07t1KzbavB/tmFls4cjJ1RZWVB8kSirZGSLqJ5QlAoN3Mo5KpRrgbVGfEo15RbnGO4mTaSzVM7GOToUxq+CU6ApevowTBSc8SLPqUpdwlhGcyHn3iV1Q5i6SIWauIFv3gujY6yQqU/wQ7GGGverLPW3MOaH8cj9pezEHt2eAw5Zwyts+Kksp5SBdUnd PsMATLPkdrl3ao01hQxOsTBjcUYa5CIP3kLhGCDz3j326w31/R961/drhP1VI65OvL4o55WjvW683917jTt0nyxki9wit8kdEpMH5IC8JIdkQDj5QD6Sz+RL8DX4EfwMfi1cg41lzE2yIq3Wb3ljHT4=</latexit>

q ! 1
<latexit sha1_base64="LMjRGgotCVjSCNYuSxoyK/ECzQk="> LMw6nJEBuciDt9A4BihC8I/CekP98Ife98MaYX/ViKuTri/KWeVofy+9t7f/CnfoPlnIFrlFbpM7JCUPyAF5QQ7JgHDynnwgH8mn6HP0Lfoe/Vi4RhvLmBtkRaJfvwHeGRYr</latexit>

f : R
d
→ R

q
<latexit sha1_base64="btPuBYEC2BqSSYH3DrOaXi8sDy8="> PsMATLPkdrl3ao01hQxOsTBjcUYa5CIP3kLhGCDz3j326w31/R961/drhP1VI65OvL4o55WjvW683917jTt0nyxki9wit8kdEpMH5IC8JIdkQDj5QD6Sz+RL8DX4EfwMfi1cg41lzE2yIq3Wb3ljHT4=</latexit>Note: we’re assuming derivative exists, just hard to actually calculate 

This is not non-smooth optimization

f(x)
<latexit sha1_base64="rUWLzzEhkgajizKqYBXGrE64oCM=">AAADInicbVLLbtNAFJ2aVxpeLWyQ2FhElcomikGIbpDKY8EGqUSkrRRH0cz4uhllHmZmDA2jkfgCtvABfAGfwQ6xQurHcJ0EQVKuZOv43Ne515dVUjjf6/3aSC5cvHT5SmuzffXa9Rs3t7ZvHTpT Ww4DbqSxx4w6kELDwAsv4biyQBWTcMSmzxv/0TuwThj9xs8qGCl6okUpOPUNVe6e3h9vdXrd3tzS8yBbgs7+nQ9nmx+/PTsYbyetvDC8VqA9l9S5Ydar/ChQ6wWXENt57aCifEpPYIhQUwVuFOZiY7qDTJGWxuKjfTpn/80IVDk3UwwjFfUTt+5ryP/5hrUv90ZB6Kr2 oPmiUVnL1Ju0mTwthAXu5QwB5Vag1pRPqKXc437aO/k8M3gqp2OFAcbFVXICtMDI2G7nGt5zoxTVRcgZK6kSchZD3gyErU0h9EkYxPn3whkYM7KIOf4o1NDwcbWKh1PPWBxmo/C3ZCeLGPYCcMkWXuHAT2U1oQx8yJvxGSZgm2XtoGLQ6+IKKOEtKnMel2RBLhrhW2jc A5QxhidxPakf/9QP/bims7/qxNvJ1i/lPDh80M0edh+9xiPaIwtrkbvkHtklGXlM9slLckAGhJMJ+UQ+ky/J1+R78iP5uQhNNpY5t8mKJWe/AWIdDYI=</latexit>
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Why not just !nd gradients automatically?
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• The adjoint state method and reverse-mode automatic di!erentiation can 

automatically calculate gradients in about the same time (~4x) as a function 

evaluation 

• Requires specialized/restricted libraries/code (dolfin-adjoint/FEniCS, autograd) 

• Adjoint state method requires a method to solve adjoint PDE 

• di"icult to maintain in large code bases, e.g., 4D-var for weather codes 

• Slow if used for intermediate calculations involving some  

• e.g., seismic inversion with many observations 

• Possible memory explosion 

• e.g., time-dependent problems.  Check-pointing schemes somewhat helpful 

• Requires access to original source code 

• Assumes a computational structure 

• inapplicable for physical observations (wind farms; rollout in AI)

f : R
d
→ R

q
<latexit sha1_base64="btPuBYEC2BqSSYH3DrOaXi8sDy8="> PsMATLPkdrl3ao01hQxOsTBjcUYa5CIP3kLhGCDz3j326w31/R961/drhP1VI65OvL4o55WjvW683917jTt0nyxki9wit8kdEpMH5IC8JIdkQDj5QD6Sz+RL8DX4EfwMfi1cg41lzE2yIq3Wb3ljHT4=</latexit>

Jax, PyTorch, Tensorflow, …
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• e.g., time-dependent problems.  Check-pointing schemes somewhat helpful 

• Requires access to original source code 

• Assumes a computational structure 

• inapplicable for physical observations (wind farms; rollout in AI)

f : R
d
→ R

q
<latexit sha1_base64="btPuBYEC2BqSSYH3DrOaXi8sDy8="> PsMATLPkdrl3ao01hQxOsTBjcUYa5CIP3kLhGCDz3j326w31/R961/drhP1VI65OvL4o55WjvW683917jTt0nyxki9wit8kdEpMH5IC8JIdkQDj5QD6Sz+RL8DX4EfwMfi1cg41lzE2yIq3Wb3ljHT4=</latexit>

(and have to parallelize for HPC)
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• The adjoint state method and reverse-mode automatic di!erentiation can 

automatically calculate gradients in about the same time (~4x) as a function 

evaluation 
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• The adjoint state method and reverse-mode automatic di!erentiation can 

automatically calculate gradients in about the same time (~4x) as a function 

evaluation 

• Requires specialized/restricted libraries/code (dolfin-adjoint/FEniCS, autograd) 

• Adjoint state method requires a method to solve adjoint PDE 
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• Assumes a computational structure 

• inapplicable for physical observations (wind farms; rollout in AI)

f : R
d
→ R

q
<latexit sha1_base64="btPuBYEC2BqSSYH3DrOaXi8sDy8="> PsMATLPkdrl3ao01hQxOsTBjcUYa5CIP3kLhGCDz3j326w31/R961/drhP1VI65OvL4o55WjvW683917jTt0nyxki9wit8kdEpMH5IC8JIdkQDj5QD6Sz+RL8DX4EfwMfi1cg41lzE2yIq3Wb3ljHT4=</latexit>

Example: hyper-parameter optimization in deep learning
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• The adjoint state method and reverse-mode automatic di!erentiation can 
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• Slow if used for intermediate calculations involving some  

• e.g., seismic inversion with many observations 

• Possible memory explosion 
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d
→ R
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• The adjoint state method and reverse-mode automatic di!erentiation can 
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Baseline Algorithms (for comparison)

84

Algorithm Gradient Descent via Finite Differences
1: for k = 1, 2, . . . do

2: Estimate gk ≈ ∇f(xk) ! Use finite differences
3: xk+1 ← xk − ηkgk ! For appropriate step-size ηk

f : R
d
→ R

<latexit sha1_base64="n4Tb/CMIfZqoX3Mi2+ij5iGRgq8=">AAADNHicbVJLixNBEO4dH7uOj80qnrwMhgW9hMyuoAjiigpehDWY3YVMDN09NUmTnu6xu8c1NP1jvOrdi79E8CYevPgbrEkimqwFM3zzVdVXjylWSWFdt/t1Izp3/sLFza1L8eUrV69tt3auH1ld Gw59rqU2J4xakEJB3wkn4aQyQEsm4ZhNnzb+43dgrNDqtZtVMCzpWIlCcOqQGrVuFg+z3ps8yYwYTxw1Rp8mWW/Uanc73bklZ0G6BO2D7Z+P78Zfnh+OdqLNLNe8LkE5Lqm1g7RbuaGnxgkuIcRZbaGifErHMECoaAl26Of9h2QXmTwptMFHuWTO/pvhaWntrGQYWVI3 seu+hvyfb1C74sHQC1XVDhRfFCpqmTidNMtIcmGAOzlDQLkR2GvCJ9RQ7nBl8W42z/SOyumoxABtwyo5AZpjZIjjTMEp12VJVe4zxgpaCjkLPmsGwtI6F2rs+2H+vXB6xrTMQ4b/Dnto+LCq4uC9YywM0qH/K9lOA4Y9A1yygZc48BNZTSgD57NmfIYJWGap7cvg1Zpq DgW8xcaswx0ZkIs6+BYK1wBFCP5RWB+oF/7I+15YE+ytOvF00vVDOQuO9jrpfmfvFd7QPbKwLXKL3CZ3SErukwPyghySPuHEkw/kI/kUfY6+Rd+jH4vQaGOZc4OsWPTrN0TKFDk=</latexit>

• ignoring !nite-di"erence error, enjoys well-

understood convergence 

• requires d+1 function evaluations per iter.

Note: there are many other DFO methods… but we won’t discuss in this talk 

From heuristics to theoretically based, from local to global 

- Heuristics: Nelder-Mead, genetic algorithms, particle swarm optimization 

- e.g., CMA-ES, Covariance matrix adaptation evolution strategy 

- Simulated Annealing (typical as heuristic) 

- Bayesian Optimization 

- Model is Gaussian Process, with acquisition function (exploration/exploitation tradeo") 

- DFO-TR (Trust-region) 

- Model is polynomial

Why not use traditional Derivative Free Optimization (DFO) methods? 

Answer: most classical DFO methods don’t scale well with dimension
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Baseline Algorithms (for comparison)

85

Algorithm Gradient Descent via Finite Differences
1: for k = 1, 2, . . . do

2: Estimate gk ≈ ∇f(xk) ! Use finite differences
3: xk+1 ← xk − ηkgk ! For appropriate step-size ηk

f : R
d
→ R
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• ignoring !nite-di"erence error, enjoys well-

understood convergence 

• requires d+1 function evaluations per iter.

• just 1 function evaluation per iteration 

• poor convergence properties, slow rates

(or exact minimization… depends on structure)

Algorithm Randomized Coordinate Descent (CD)

1: for k = 1, 2, . . . do

2: Choose j ∈ {1, 2, . . . , d} at random
3: gk = ejeT

j ∇f(xk)
4: xk+1 ← xk − ηkgk " For appropriate step-size ηk
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directional derivative

Assume we can compute this! 

e.g., 

1) forward !nite di" 

2) forward-mode AD
qqT∇f(xk) =

(

lim
h→0

f(xk + h · q)− f(xk)

h

)

q
<latexit sha1_base64="JKHu+WwfuNpsbkXuMoqf1Evk35E=">AAADe3icbVLLblMxEHUToCW8WlghNhZRpZZHlduCYFOpCBZskErVtJXiENm+c3Ot+HFjO7SR5Q/iC9jzF3wAUrewR8J5IEhgpHs1PjNzZuZoWCWF863W15Va/crVa6tr1xs3bt66fWd94+6JMyPL oc2NNPaMUQdSaGh74SWcVRaoYhJO2eD1JH76EawTRh/7cQVdRftaFIJTn6DeOhkOPxwTTZmkuNi66A228T4mEgq/RaRQvVASK/qlp9aac9yKmBSW8jBNxY9xSXhuPB5u46fz8hjKOCvZHvbWm62d1tTwv042d5oHe/c/5Zefvx32NmqrJDd8pEB7LqlznaxV+W6g1gsu ITbIyEFF+YD2oZNcTRW4bpjKEPFmQnJcGJs+7fEU/bsiUOXcWLGUqagv3XJsAv4v1hn54mU3CF2NPGg+a1SMJPYGTzTFubDAvRwnh3Ir0qyYlzTp5JPyjU0yrQyeykFPpQTj4iJYAs1TZmw0iIZzbpSiOg+EsYIqIccxkMlCqbXJhe6Hdpy+Z8HAmJF5JOkE0gwTPC6y eLjwjMVO1g1/KJtZTGlvIIls4V1a+JWsSsrABzJZn6WC1GbOHVQMeok1hwKGaTDnk0YW5KxP+gudZIAixrAflxc6ir/pw1FcIjxaDKbTyZYP5V/nZHcn29vZfZ9u6Bma2Rp6gB6iLZShF+gAvUWHqI04+oIu0Xf0o/az3qw/qj+ZpdZW5jX30ILVn/8CDtstJQ==</la texit>
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Algorithm “Stochastic Subspace Descent” (SSD)

1: for k = 1, 2, . . . do

2: Draw Q ∼ Haar(d × #)
3: xk+1 ← xk − ηk

d
! QQT ∇f(xk)

Algo. 0 is not novel, but has not been thoroughly investigated.

Variants have been investigated for a long time: 

‣ “random gradient”, “random pursuit”, “directional 

search”, “random search” 
‣ ch 6, Yu. Ermoliev and R.J.-B. Wets, Numerical techniques for stochastic 

optimization, Springer-Verlag, 1988.  

‣ M. Gaviano, Some general results on convergence of random search 

algorithms in minimization problems, Towards Global Optimisation, 1975. 

‣ F.J. Solis and R. J-B. Wets, Minimization by random search techniques, 

Math. of Operations Research 6 (1981), no. 1, 19–30.  

Q = [q1, q2, . . . , q!] ∼ Haar(d× !)
<latexit sha1_base64="83P2RdJ0PBzulgF0OLD2a/OIKw8=">AAADXnicbVJNbxMxEHUTaEugNIULEheLtFKRqigbkOBSUQSHXpDaiLSV4tXK9s4mVmzvZu0FIss/h1/DFQ7c+Cl4kyBIiqVdjd+befPhYYUUxvZ6P7cazTt3t3d277XuP9h7uN8+eHRl8qrkMOS5 zMsbRg1IoWFohZVwU5RAFZNwzabvav76E5RG5PqjnRcQKzrWIhOc2gAl7TeHl/gUj2ZJdIJnSf8EE5nm1tQXAlLGmBihMLHwxbpzSkt/nBIrFBhc088Pk3an1+0tDr5tRCujg1bnIjlo7JA055UCbbmkxoyiXmFjR0sruATfIpWBgvIpHcMomJqGZLFbdOrxUUBSnOVl +LTFC/TfCEeVMXPFgqeidmI2uRr8HzeqbPY6dkIXlQXNl4mySmKb43psOBUlcCvnwaC8FKFWzCe0pNyG4baOyCLSWSqniQoOufHr4ARoGjx9q0U0fOa5UlSnjjCWUSXk3DtSNxRS56nQYzf0i/uSdIzlMvUkvHKoocb9ukr9Ooz5URS7v5KdyAe39xCGXMKH0PBbWUwo A+tI3T4LASHNStsp7/SGagoZzEJhxoYZlSCXecJf6DAGyLx3p36zoYH/I+8GfkNwsE6G1Yk2F+W2cdXvRi+6/ct+5+zlaol20VP0DB2jCL1CZ+gcXaAh4ugr+oa+ox+NX83t5l5zf+na2FrFPEZrp/nkN/u0HJw=</latexit>

Haar is a better choice than alternatives: 

‣ unit vectors (coordinate descent) 

‣ Gaussian sampling 

‣ unit sphere sampling

directional derivative

QTQ = I!×!, E

(

d

!
QQT

)

= Id×d

<latexit sha1_base64="ZAa8ntt6D9M1MkIChny2h/3Yqrk=">AAADf3icbVLNbhMxEHYaoCX8tXBCXCyqiiJVUbZFAg6VigAJDkhN1LSV4hD8M5tY9f507QUiyw/EE/AGvAMPgMSBK5yZzQZBUizt7uw3M9/MfB6RG21dp/O1sdK8dPnK6trV1rXrN27eWt+4fWyz spDQl5nJilPBLRidQt9pZ+A0L4AnwsCJOHte+U/eQ2F1lh65aQ7DhI9THWvJHUKj9Xfdt0dduk9fjzwDY5jTCdjKCjuUnZdcMfwm3E2E8C8D22EGYrdNWVxw6VWYJYUukrBCjyfuYU2laE1EVRitb3bandmhF41obmwe7N39pL5//nY42lhZZSqTZQKpk4ZbO4g6uRt6 XjgtDYQWKy3kXJ7xMQzQTDkWGvqZFIFuIaJonBX4pI7O0H8zPE+snSYCI6up7LKvAv/nG5QufjL0Os1LB6msC8WloS6jla5U6QKkM1M0uCw09krlhKNKDtVvbbFZpnfcnI0SDMhsWAQnwBVGhlaLpfBBZknCU+WZEDFPtJmi0tVAWDpTOh37fpj9104vRGZUYLgG2EOF h0UWBx+dEGEQDf1fys0oYNgLQJELeIMDPzP5hAtwfn7hImCZObdPgk+XWBXEcI6NWYcaFWDqOvjWKcoAcQh+PywP1At/6H0vLBH2Fp24OtHyolw0jnfb0V57t4s79IjUZ43cI/fJNonIY3JAXpFD0ieSfCE/yE/yq9loPmi2m506dKUxz7lDFk7z6W/6Ui51</latexi t>

QQT
= Id×d

<latexit sha1_base64="Olj9ZbsZqxNnARFqDWZG6Ijz/uU=">AAADM3icbVJLb9NAEN6aR0t4NKHcuFhUlThFcYsEl0pFcIADUhM1baU4RLvrcbLKPox3DYTV/hFOXEFc+TGIG+LKX0CMkyBIyki2Pn8z883DwwoprOt0vm5Ely5fubq5da1x/cbNW9vN1u1Ta6qS Q58bacpzRi1IoaHvhJNwXpRAFZNwxqZPav/ZayitMPrEzQoYKjrWIhecOqRGzTvd7suT+DB+PvJZ6oQCG2dh1NzttDtziy+CZAl2j3Za293P738dj1rRZpoZXinQjktq7SDpFG7oaekElxAaaWWhoHxKxzBAqCkWGvp5+yHeQyaLc1Pio108Z//N8FRZO1MMIxV1E7vu q8n/+QaVyx8NvdBF5UDzRaG8krEzcb2LOBMlcCdnCCgvBfYa8wktKXe4scZeOs/0jsrpSGGAsWGVnADNMDI0GqmGN9woRXXmU8ZyqoScBZ/WA2Fpkwk99v0w/144PWNGZiHFX4c91HxYVXHw1jEWBsnQ/5XcTQKGPQVccgkvcODHsphQBs6n9fgME7DMUtur4PWaagY5 vMLGrMMdlSAXdfAtNK4B8hD8YVgfqBf+yPteWBPsrTrxdJL1Q7kITvfbyUF7v4s39IAsbIvcJffIfZKQh+SIPCPHpE84eUc+kI/kU/Ql+hZ9j34sQqONZc4OWbHo52/PHxPB</latexit>

One bene!t: in the limit        ,                  , and so we’ll recover the full gradient 

(for Gaussians, this is only true in expectation)

! = d
<latexit sha1_base64="1iBMocY48Vb7D4T9uQwUEQumPd4=">AAADI3icbVLLbtNAFJ2aR0t4tbBkYxFVYhXZBQk2FUWwYINUIpJWiqNoZnydTDMP4xkD0Wj+gW275yP4BnaIDQv+hes4CJJyJY+Oz7333McMK6WwLkl+bkVXrl67vr1zo3Pz1u07d3f37g2tqSsO A26kqU4ZtSCFhoETTsJpWQFVTMIJm79s/CcfoLLC6HduUcJY0akWheDUITXMQMrDfLLbTXrJ0uLLIF2B7vOv541dHE/2ou0sN7xWoB2X1NpRmpRu7GnlBJcQOlltoaR8TqcwQqipAjv2y3ZDvI9MHhemwk+7eMn+m+GpsnahGEYq6mZ209eQ//ONalc8G3uhy9qB5m2h opaxM3Eze5yLCriTCwSUVwJ7jfmMVpQ73FBnP1tmekflfKIwwNiwTs6A5hgZOp1Mw0dulKI69xljBVVCLoLPmoGwtMmFnvpBWP63Ts+YkXnI8Kqwh4YP6yoOPjnGwigd+7+S3TRg2CvAJVfwBgd+IcsZZeB81ozPMAHLrLS9Cl5vqOZQwHtszDrcUQWyrYOn0LgGKELw h2FzoH74I+/7YUOwv+7Ep5NuPpTLYHjQSx/3Dt4m3aMnpLUd8oA8JI9ISp6SI/KaHJMB4eSMfCbn5CL6En2Lvkc/2tBoa5Vzn6xZ9Os3OzQP7g==</latexit>

=<latexit sha1_base64="dZSDNqZ8whYn6Wu4pI1EUK1zDaE=">AAADHnicbVLLbhMxFHWHR0t4tbBkMyKqxCqaKZVgU1EECzZIbUTaSpkosj13Git+DLYHiCx/AVtYwIrf4AfYIbbwN9xJgiApVxrrzLn3nvuwWS2F81n2ayO5dPnK1c2ta53rN27eur29c+fEmcZy GHAjjT1j1IEUGgZeeAlntQWqmIRTNn3W+k/fgHXC6Fd+VsNI0XMtKsGpR+r4YLzdzXrZ3NKLIF+C7pOvn1r7fDTeSTaL0vBGgfZcUueGeVb7UaDWCy4hdorGQU35lJ7DEKGmCtwozDuN6S4yZVoZi5/26Zz9NyNQ5dxMMYxU1E/cuq8l/+cbNr56PApC140HzReFqkam 3qTt2GkpLHAvZwgotwJ7TfmEWso9LqezW8wzg6dyOlYYYFxcJSdAS4yMnU6h4S03SlFdhoKxiiohZzEU7UBY2pRCn4dBnP8vnIExI8tY4C1hDy0fV1U8vPOMxWE+Cn8lu3nEsOeAS7bwEgd+KusJZeBD0Y7PMAHLLLWDikGvqZZQwWtszHnckQW5qIOn0LgGqGIMB3F9 oH78Ix/6cU2wv+rEp5OvP5SL4GSvlz/s7R1n3cN9srAtco/cJw9ITh6RQ/KCHJEB4QTIe/KBfEy+JN+S78mPRWiyscy5S1Ys+fkbCrkNvw==</latexit> =<latexit sha1_base64="dZSDNqZ8whYn6Wu4pI1EUK1zDaE="> oH78Ix/6cU2wv+rEp5OvP5SL4GSvlz/s7R1n3cN9srAtco/cJw9ITh6RQ/KCHJEB4QTIe/KBfEy+JN+S78mPRWiyscy5S1Ys+fkbCrkNvw==</latexit>

d
<latexit sha1_base64="OCcl5N7fHqhfB9lwZf75eA/WBG4=">AAADHnicbVLLbhMxFHWHR0t4tbBkMyKqxCqaKUiwQRTBgg1SG5G2UiaKbM+dxIofg+0BIstfwBYWsOI3+AF2iC38DXeSIEjKlcY6c+695z5sVkvhfJb92kouXLx0eXvnSufqtes3bu7u3TpxprEc BtxIY88YdSCFhoEXXsJZbYEqJuGUzZ61/tM3YJ0w+pWf1zBSdKJFJTj1SB2X491u1ssWlp4H+Qp0n3z91Nrno/Fesl2UhjcKtOeSOjfMs9qPArVecAmxUzQOaspndAJDhJoqcKOw6DSm+8iUaWUsftqnC/bfjECVc3PFMFJRP3Wbvpb8n2/Y+OrRKAhdNx40XxaqGpl6 k7Zjp6WwwL2cI6DcCuw15VNqKfe4nM5+scgMnsrZWGGAcXGdnAItMTJ2OoWGt9woRXUZCsYqqoScx1C0A2FpUwo9CYO4+F86A2NGlrHAW8IeWj6uq3h45xmLw3wU/kp284hhzwGXbOElDvxU1lPKwIeiHZ9hApZZaQcVg95QLaGC19iY87gjC3JZB0+hcQ1QxRgex82B +vGPfOjHDcH+uhOfTr75UM6Dk4Nefr93cJx1Dx+Qpe2QO+QuuUdy8pAckhfkiAwIJ0Dekw/kY/Il+ZZ8T34sQ5OtVc5tsmbJz991Dw3m</latexit>

!
<latexit sha1_base64="Avq/edckcimh4vK4rwUlfVsDuFo=">AAADIXicbVLLbhMxFHWHR0t4tbBkMyKqxCqaKZVggyiCBRukEpG2UiaKbM+dxIofg+0BIsu/wJbHlq/gE9ghdoif4U4SBEm50lhnzr333IfNaimcz7KfW8mFi5cub+9c6Vy9dv3Gzd29WyfONJbD gBtp7BmjDqTQMPDCSzirLVDFJJyy2dPWf/oGrBNGv/LzGkaKTrSoBKe+pQqQcrzbzXrZwtLzIF+B7uOvn1r7fDzeS7aL0vBGgfZcUueGeVb7UaDWCy4hdorGQU35jE5giFBTBW4UFs3GdB+ZMq2MxU/7dMH+mxGocm6uGEYq6qdu09eS//MNG189HAWh68aD5stCVSNT b9J28rQUFriXcwSUW4G9pnxKLeUe99PZLxaZwVM5GysMMC6uk1OgJUbGTqfQ8JYbpaguQ8FYRZWQ8xiKdiAsbUqhJ2EQF/9LZ2DMyDIWeFHYQ8vHdRUP7zxjcZiPwl/Jbh4x7Bngki28wIGfyHpKGfhQtOMzTMAyK+2gYtAbqiVU8Bobcx53ZEEu6+ApNK4BqhjDo7g5 UD/+kQ/9uCHYX3fi08k3H8p5cHLQy+/3Dl5m3aNDsrQdcofcJfdITh6QI/KcHJMB4WRK3pMP5GPyJfmWfE9+LEOTrVXObbJmya/fNGsPOQ==</latexit>

E
<latexit sha1_base64="jJJBdpQv7j50z2QSNR3e8yZD3zg="> hgdxfaB+/CMf+nFNsL/qxKeTrz+Us+Bor5ff7e29yLoH+2RhW+QWuU3ukJzcIwfkGTkkA8KJJu/JJ/I5+ZJ8S74nPxahycYy5yZZseTXb8lIEeM=</latexit>

Q
<latexit sha1_base64="BXHyiV/1Xt/TI+Wev3w5e8Tcrn0=">AAADHnicbVJLb9NAEN6aR4t5tIUjF4uoElyiuCDBBVEESFyQmoi0leIo2l2Pk1X2YbxrIFrtL+AKd/4Hd26IK/wE/gXjOAiSMpKtz9/MfPPwsFIK63q9n1vRhYuXLm/vXImvXrt+Y3dv/+aJNXXF YciNNNUZoxak0DB0wkk4Kyugikk4ZfNnjf/0LVRWGP3aLUoYKzrVohCcOqT6/clep9ftLS05D9IV6Bzt/npyL/7y4niyH21nueG1Au24pNaO0l7pxp5WTnAJIc5qCyXlczqFEUJNFdixX3YakgNk8qQwFT7aJUv23wxPlbULxTBSUTezm76G/J9vVLvi0dgLXdYONG8L FbVMnEmasZNcVMCdXCCgvBLYa8JntKLc4XLig2yZ6R2V84nCAGPDOjkDmmNkiONMwztulKI69xljBVVCLoLPmoGwtMmFnvphWH63Ts+YkXnI8C9hDw0f1lUcvHeMhVE69n8lO2nAsOeAS67gFQ78VJYzysD5rBmfYQKWWWl7FbzeUM2hgDfYmHW4owpkWwffQuMaoAjB Pw6bAw3CH3k/CBuCg3Unnk66eSjnwclhN73fPezjDT0gre2Q2+QOuUtS8pAckZfkmAwJJ0A+kI/kU/Q5+hp9i763odHWKucWWbPox29phgvu</latexit>

Q
<latexit sha1_base64="BXHyiV/1Xt/TI+Wev3w5e8Tcrn0=">AAADHnicbVJLb9NAEN6aR4t5tIUjF4uoElyiuCDBBVEESFyQmoi0leIo2l2Pk1X2YbxrIFrtL+AKd/4Hd26IK/wE/gXjOAiSMpKtz9/MfPPwsFIK63q9n1vRhYuXLm/vXImvXrt+Y3dv/+aJNXXF YciNNNUZoxak0DB0wkk4Kyugikk4ZfNnjf/0LVRWGP3aLUoYKzrVohCcOqT6/clep9ftLS05D9IV6Bzt/npyL/7y4niyH21nueG1Au24pNaO0l7pxp5WTnAJIc5qCyXlczqFEUJNFdixX3YakgNk8qQwFT7aJUv23wxPlbULxTBSUTezm76G/J9vVLvi0dgLXdYONG8L FbVMnEmasZNcVMCdXCCgvBLYa8JntKLc4XLig2yZ6R2V84nCAGPDOjkDmmNkiONMwztulKI69xljBVVCLoLPmoGwtMmFnvphWH63Ts+YkXnI8C9hDw0f1lUcvHeMhVE69n8lO2nAsOeAS67gFQ78VJYzysD5rBmfYQKWWWl7FbzeUM2hgDfYmHW4owpkWwffQuMaoAjB Pw6bAw3CH3k/CBuCg3Unnk66eSjnwclhN73fPezjDT0gre2Q2+QOuUtS8pAckZfkmAwJJ0A+kI/kU/Q5+hp9i763odHWKucWWbPox29phgvu</latexit>

Q
<latexit sha1_base64="BXHyiV/1Xt/TI+Wev3w5e8Tcrn0="> Pw6bAw3CH3k/CBuCg3Unnk66eSjnwclhN73fPezjDT0gre2Q2+QOuUtS8pAckZfkmAwJJ0A+kI/kU/Q5+hp9i763odHWKucWWbPox29phgvu</latexit>

QT
<latexit sha1_base64="5LS/XmOzqroX98nEU3cMXWlnqN8="> AEUI/klYHagb/sj7blgR7C478XTS1UO5CE522+lee/cIb+ghmdsGuUvukfskJY/IAXlJDkmPcDIiH8hH8in6HH2NvkXf56HR2iLnDlmy6OdvnC4MtA==</latexit>

QT
<latexit sha1_base64="5LS/XmOzqroX98nEU3cMXWlnqN8=">AAADIHicbVLNbtNAEN6anxbz0xaOXCyiSnCJ4hYJLqhFgMQFqQ1NWykO0e56nKyyP653DUSrfQSucOc1eAFuiCO8AW/BOAmCpIxk6/M3M9/8eFgphXWdzo+16NLlK1fXN67F12/cvLW5tX37xJq6 4tDjRprqjFELUmjoOeEknJUVUMUknLLJs8Z/+hYqK4w+dtMSBoqOtCgEpw6p10dvjodbrU67M7PkIkgXoHWw+Wv/QfzlxeFwO1rPcsNrBdpxSa3tp53SDTytnOASQpzVFkrKJ3QEfYSaKrADP+s1JDvI5ElhKny0S2bsvxmeKmunimGkom5sV30N+T9fv3bF44EXuqwd aD4vVNQycSZpBk9yUQF3coqA8kpgrwkf04pyh+uJd7JZpndUToYKA4wNy+QYaI6RIY4zDe+4UYrq3GeMFVQJOQ0+awbC0iYXeuR7YfY9d3rGjMxDhv8Je2j4sKzi4L1jLPTTgf8r2UoDhj0HXHIFr3Dgp7IcUwbOZ834DBOwzELbq+D1imoOBZxjY9bhjiqQ8zr4FhrX AEUI/klYHagb/sj7blgR7C478XTS1UO5CE522+lee/cIb+ghmdsGuUvukfskJY/IAXlJDkmPcDIiH8hH8in6HH2NvkXf56HR2iLnDlmy6OdvnC4MtA==</latexit>

qqT∇f(xk) =

(

lim
h→0

f(xk + h · q)− f(xk)

h

)

q
<latexit sha1_base64="JKHu+WwfuNpsbkXuMoqf1Evk35E=">AAADe3icbVLLblMxEHUToCW8WlghNhZRpZZHlduCYFOpCBZskErVtJXiENm+c3Ot+HFjO7SR5Q/iC9jzF3wAUrewR8J5IEhgpHs1PjNzZuZoWCWF863W15Va/crVa6tr1xs3bt66fWd94+6JMyPL oc2NNPaMUQdSaGh74SWcVRaoYhJO2eD1JH76EawTRh/7cQVdRftaFIJTn6DeOhkOPxwTTZmkuNi66A228T4mEgq/RaRQvVASK/qlp9aac9yKmBSW8jBNxY9xSXhuPB5u46fz8hjKOCvZHvbWm62d1tTwv042d5oHe/c/5Zefvx32NmqrJDd8pEB7LqlznaxV+W6g1gsu ITbIyEFF+YD2oZNcTRW4bpjKEPFmQnJcGJs+7fEU/bsiUOXcWLGUqagv3XJsAv4v1hn54mU3CF2NPGg+a1SMJPYGTzTFubDAvRwnh3Ir0qyYlzTp5JPyjU0yrQyeykFPpQTj4iJYAs1TZmw0iIZzbpSiOg+EsYIqIccxkMlCqbXJhe6Hdpy+Z8HAmJF5JOkE0gwTPC6y eLjwjMVO1g1/KJtZTGlvIIls4V1a+JWsSsrABzJZn6WC1GbOHVQMeok1hwKGaTDnk0YW5KxP+gudZIAixrAflxc6ir/pw1FcIjxaDKbTyZYP5V/nZHcn29vZfZ9u6Bma2Rp6gB6iLZShF+gAvUWHqI04+oIu0Xf0o/az3qw/qj+ZpdZW5jX30ILVn/8CDtstJQ==</la texit>
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Algorithm “Stochastic Subspace Descent” (SSD)

1: for k = 1, 2, . . . do

2: Draw Q ∼ Haar(d × #)
3: xk+1 ← xk − ηk

d
! QQT ∇f(xk)

Algo. 0 is not novel, but has not been thoroughly investigated.

Variants have been investigated for a long time: 

‣ “random gradient”, “random pursuit”, “directional 

search”, “random search” 
‣ ch 6, Yu. Ermoliev and R.J.-B. Wets, Numerical techniques for stochastic 

optimization, Springer-Verlag, 1988.  

‣ M. Gaviano, Some general results on convergence of random search 

algorithms in minimization problems, Towards Global Optimisation, 1975. 

‣ F.J. Solis and R. J-B. Wets, Minimization by random search techniques, 

Math. of Operations Research 6 (1981), no. 1, 19–30.  

Q = [q1, q2, . . . , q!] ∼ Haar(d× !)
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Haar is a better choice than alternatives: 

‣ unit vectors (coordinate descent) 

‣ Gaussian sampling 

‣ unit sphere sampling

directional derivative qqT∇f(xk) =

(

lim
h→0

f(xk + h · q)− f(xk)

h

)

q
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= Id×dGeneric SSD

or any generic SSD

Both Haar and Coordinate Descent methods are valid generic SSD
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Algorithm “Stochastic Subspace Descent” (SSD)

1: for k = 1, 2, . . . do
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We call Q a “Haar” distributed r.v. (i.e., the Haar measure over orthogonal matrices), 

but really care about        which is a projection matrix (onto          ). 

We get Q via Gram-Schmidt (or appropriately modi!ed QR) on a Gaussian G, 

and note                       w.p. 1, so our update is equivalent to  

and hence the term “stochastic subspace”.

QQT
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xk+1 ← xk − ηk
d

"
Pcol(G) (∇f(xk))
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Theorem (Kozak, Becker, Tenorio, Doostan ’20) 

Assume: minimizer attained, gradient Lipschitz, stepsize    chosen appropriately. 

1. If f is convex, 

 

2. If f is not convex but satis!es the Polyak-Lojasiewicz inequality, 

 

3. If f is strongly convex, statements of 2 above hold, and also 

 

4. If f is not convex (nor PL),
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<latexit sha1_base64="VNcwzo6bQYoauOMZY/ulfOjHtV4=">AAADbHicbVJbb9MwFPZaYFu5rAMekCYki2qofVjVIi7jYdK4SbxMjIpuk5qusp2T1orjBNuBFcsSvwl+zSSe4J3fgJOWSzuOlOjkfN/5ziWHZoJr0+mcr1Sqly5fWV1br129dv3GRn3z5pFOc8Wg z1KRqhNKNAguoW+4EXCSKSAJFXBM4xcFfvwBlOapfGemGQwTMpY84owYHxrVD4KEmAml9pXDUfNsFLfwDo5OA22IwoEAHKhJeho3S7DT2plDLbyHy0xGhH3jmjNWa1RvdNqd0vBFpzt3Gvt3Pn1b//zl+eFos7IahCnLE5CGCaL1oNvJzNASZTgT4GpBriEjLCZjGHhX kgT00JZzO7ztIyGOUuUfaXAZ/TfDkkTraUI9s+hVL2NF8H/YIDfR7tBymeUGJJsVinKBTYqLJeKQK2BGTL1DmOK+V8wmRBFm/Kpr20GZaQ0R8SjxhFS7xeAESOiZrlYLJHxkaZIQGdqA0ogkXEydDYqBfOk05HJs+678noGW0lSELvD/3PdQxN2iioEzQ6kbdIf2r2Sj 6zztJfglKzjwAz8T2YRQMHZ+ANT5MnNtmzgrl1RDiOC9b8z/fRYrELM6/s2lXwNEztk9tzxQz/2Wtz23JNhbBMvTeVrYoz+HctE5etDuPm4/fOtvaBfNbA1toXuoibroCdpHr9Eh6iOGvqJz9B39qPys3q5uVe/OqJWVec4ttGDV+78A34Qltg==</latexit>

Ef(xk)− f! ≤ ρk(f(x0)− f!) = O(ρk)
<latexit sha1_base64="GCxBf9lHTfloUc+wQJm8zd6Wf2U="> UFbutWyfoQOmWcT2WfBqJWoCKbzFwnDNfGpALu4hdkLhGCDFo3gcVhvqhd/hfS+sBOwtK6vTeVTK/T+HchEc77W7D9r7r/CGDshcNsgdcpfski55SA7JC3JE+oSTj+Qz+UK+1r7VftbxlcxNa2sLn1tkSepbvwDruiBv</latexit>

f(xk)
a.s.

−→ f!and

<latexit sha1_base64="dD2BVvrTUbArp2PbPIphqopA9Ag=">AAADXXicbVLJbhNBEO3YhCQmBAcOIHEZEUUKF8tGLOEACsuBC1KwcBLJY1ndPTV2y70M3W1i02qJj+EL+AyucEFC4leosc1ih5JGqnn16tXSxQopnG82v69VqpfWL29sbtWubF/duVbfvX7izNhy 6HAjjT1j1IEUGjpeeAlnhQWqmIRTNnpRxk/fg3XC6Ld+WkBP0YEWueDUI9SvP530R0lqSgr4kHqY+EAbrhFjSKXRAysGQ0+tNedxEbQDJXTsT5L8YHK3X99rNpozSy46rYWzd3Trw4+tj5+fH/d3KxtpZvhYgfZcUue6rWbheyjrBZcQa+nYQUH5iA6gi66mClwvzAaN yT4iWZIbi5/2yQz9NyNQ5dxUMWQq6oduNVaC/4t1xz4/7AWhi7EHzeeF8rFMvEnKrSWZsMC9nKJDuRXYa8KH1FLucXG1/XSWGTyVo75CgnFxGRwCzZAZa7VUwzk3SlGdhZSxnCohp7jsciAsbTKhB6ETZ//zYGDMyCym+MjYQ4nHZZXyXRiL3VYv/JXca0WkvQRcsoXX OPAzWQwpKx+5HJ9hApZZaAcVg15RzSCHd9iY87gjC3JxHKkXGtcAOV7Ik7g6UDv+lg/tuCLYXg7OTudxaQ/+HMpF5+Reo/Wwcf8N3tAhmdsmuU3ukAPSIo/IEXlFjkmHcPKJfCFfybfKz+p6dbu6M6dW1hY5N8iSVW/+Aq2zJAA=</latexit>

xk

a.s.

−→ argminxf(x)

<latexit sha1_base64="UhlL/PJN6F5rXmxrcHFk3pnPLSk="> d2qFtdl1KCxsnk00iHme8OcqjAFy7909v9pQ1/+md12/QthdNjanc7eWW38O5bhycGMnvb1z80m4oV00lw10FV1D2yhFd9AeeoT2UQ8x9Bq9Rx/Qx+hT9DX6Fn2fu0Zri5jLaEmin78AMk4YBQ==</latexit>

f! def

= min
x

f(x)

ambient dimension 

# directional derivsGeneric SSD

<latexit sha1_base64="gKZVTz72sI39JNQfIZ+CSQdZbJA=">AAADxnicbVLdbtMwFE5XYKMw6OCSG2vVpO5iVVP+hkSlIUDaBYhR0W1S01a2c9JacZxgO2yVZYmX4Bl4BCTehIfgHXCS8tOOI7U6+c7n8/uRjDOlu90ftY36tes3NrduNm7d3r5zt7lz71SluaQw pClP5TnBCjgTMNRMczjPJOCEcDgj8csifvYJpGKp+KAXGYwTPBMsYhRrB02bXwMBFzRNEixCEwDn3JpAw6UuUxsJoS1haxsrzDBc4RGegzVhwUqwnhNiXlsUtS+n8T46QNEkUBpLFHBAPRREEtNlhrJgBbyxJraDSQ/1UZmDYm7e2XY8MQe+3Z82W91OtzR01fGXTuuo +8Xf/fb958l0Z2MzCFOaJyA05Vipkd/N9NhgqRnl4BrNFWSYxngGI+cKnIAam3Ici/YcEqIole4nNCrRf18YnCi1SIhjFr2q9VgB/i82ynV0ODZMZLkGQatCUc6RTlFxHhQyCVTzhXMwlcz1iugcu/1od8TGXlC+NBrzeJo4QqrsKjgHHDqmbayei5AIJ4wv3MqLgVzp NGRiZoa2/K6ChpCUhzZwanI9FPja0Yt7E2JH/tj8Tdnyi6u/ArdkCW/dwC94NscEtFlKgVhXZpnbJNaIdSlBBB9dY04iNJbAqzrunwm3BoisNX27PtDA/k5vBuvaHKwGS+k8K+zxH6FcdU57Hf9J59F7p6FDr7It74G367U933vqHXnH3ok39Ghtu/aw9rzWrx/XRT2v X1TUjdryzX1vxeqffwGbjUsi</latexit>

Ef(xk)− f! ≤ 2
d

!

L

k
R2 = O(k−1)

<latexit sha1_base64="rInR/xaYc2OSU8DPRfpF7xa022I="> rEvq9hk6YJpVbKe80+tnABm8xcKMxRmVIJd58C80jgEy792RX29o4H+Hd4P1uxq0jc3pPKnl4Z9Duaic3u/Hj/oPXuMNHZKl7JA7ZI/cJTF5TI7JS3JChoSTL+Q7+UF+BlvBvSAODpbUzY2Vz23SkuDpL5i4NNM=</latexit>

d

!
= 1 is gradient descent

<latexit sha1_base64="kPSlf9g3D69U4pWmP8HJYtfnSIw=">AAAD4HicbVLLbhMxFJ00QEt4tbBkYxFVbUWIZiqgZYFUBEgsqNRGpK0Up5HtudNY4/EMtgcaud6zQ2z5Gz6DD+AT2OOZhEdSrpTozrnH93loIbg2Yfi9sdS8cvXa8sr11o2bt27fWV27e6TzUjHo s1zk6oQSDYJL6BtuBJwUCkhGBRzT9GUVP/4ASvNcvjOTAoYZOZM84YwYD41Wv2EJH1meZUTGFoMQwlls4NzUqa2C2NWwc605ZhzP8agowdm4YmVcjmy6gbnENuxgEedGd1LsHMIZMWNK7WvvXmBJqCAo2Tyv2G4LX5xuIywA4UQRNitQ9zMFttHbzYocbj1KTrE2RG05 mz6M3Gi1HXbD2tBlJ5o57b2dwx8rnZ+dg9Ha0jKOc1ZmIA0TROtBFBZmaIkynAnwI5QaCsJScgYD70qSgR7aelCH1j0SoyRX/icNqtF/X1iSaT3JqGdW4+rFWAX+LzYoTbI7tFwWpQHJpoWSUiCTo+pwKOYKmBET7xCmuO8VsTHxqzH+vK11XL+0hoh0lHlCrt08OAYS e6ZrzR+S0oRkXEz8tquBfOk85vLM9l39PQ1aSnMRO+x15nuo8AU5VEqg1A2iof2bsh1VengFfskK9v3AL0QxJhSMnSmBOl9mlttmzspFkUEC731j/tosVSCmdfw/l34NkDhnn7vFgXrud3rbW1Rtbz5YS+dZZU/+COWyc7TdjZ52Hx96De0GU1sJ7gcPgs0gCnaCveBN cBD0A9bYaOw3jhrHTdr81Pzc/DKlLjVmb+4Fc9b8+guiSFUr</latexit>

min
k′∈{0,...,k}

E‖∇f(xk′)‖2 ≤
d

!

2L(f(x0)− f!)

k + 1

<latexit sha1_base64="YbLtIbZR6BACWrGy8PPPu+zZ3RY=">AAAD2HicbVLNbtNAEHYaoCX8tXDkwIqoUpGqKkFQyqFSC1SCA9BETVsRp9H+jJNV12t3vQai1UrcEFfEy3DmKXgGLjwCYzv8JGUk2+OZb7/ZmflYqmRmW63vtYX6hYuXFpcuN65cvXb9xvLKzcMs yQ2HHk9UYo4ZzUBJDT0rrYLj1ACNmYIjdvq0yB+9BZPJRB/YSQqDmI60jCSnFkPD5a+hhnc8iWOqhQtBKeVdaOG9LamdAeHLsPeNGaQQMzimcvBOIKpzctAh2+TFsGILrYwhq4jXSXiWUxHiN6Z2zJjb8+F6qCCyaySMDOVT3hLdQabQyNHY3pvyCUEqOlLAhsvN1kar NHLeaU+d5s7mjy9Pdr/93B+uLCyGIuF5DNpyRbOs326lduCosZIrwAbzDFLKT+kI+uhqiqUGrmzQk1WMCBIlBh9tSRn994SjcZZNYobIorlsPlcE/5fr5zbaGjip09yC5lWhKFfEJqRYGBHSALdqgg7lRuJdCR9THJbFtTZWw/Kks1SdDmMEJJmfDY6BCkT6xuwCGYto LNUEx100hKUTIfXI9Xz5XyUdY4kSPkR94R2K+JwMCgUw5vvtgftL2WwXankGOGQDL7HhXZWOKQPrpntnHstMuV3snZ4XF0RwhhfLLM7IgKrq4FtqHANE3rttP99Q1/+md915tXZnk6V0Hhf28I9QzjuH9zfamxsPOqihraCypeB2cDdYC9rBo2AneB7sB72A1+7U9mqv aq/rb+of6h/rnyroQm165lYwY/XPvwAU7FMm</latexit>

QTQ = I!×!, E

(

d

!
QQT

)

= Id×d

<latexit sha1_base64="l1sh8GOiNnYAKME3J7DFZpqrhug="> NuvaTnqnNodjkMHbMJmxQSQNYtUo/LkKOkDmvdvzm0lD/7u+G26+pGEzWL+dZ5U9/vNSzjvHDwfJk8Gjw7i/v4tW1kF30H30ACXoKdpHr9EBGiGKPqGv6Bv63vrZvtvut3dW1NbWOuc2alh78AsSVy/E</latexit>

d =

<latexit sha1_base64="1d3Z01LoNAKtDK9+mc0UhHBfIic="> hDab2k56p7aHY5DC+zCZsUEkDWLdKPy5CjpA6r078NtJQ/+7vhtuv6VhPVi9neelPfnzUi4640f9wdP+4+O4e7iP1tZC99B99BAN0DN0iN6gIzRCFH1B39E5+tH42dxr9poP1tTGzibnLqpZM/4FDRcwuQ==</latexit>

! =

<latexit sha1_base64="tsg31klrfEVzZPcaLPUljlEP5XU="> a3wJOGQD7/DBz2U5pQwc7hIthgFYZpnbq+D1enMZ5PARO7MOh2RALgrhX2icA+Qh+OOwHtQPv/P7/vq19Vedze08q+Xxn0u5rJw+PEyeHD56j0d0RBayRe6RfXKfJOQp6ZHX5IQMCCc/Wput7dZOdDfqRa+iNwvqRmsZc4esSNT/BbiCOlw=</latexit>

ρ = 1−
µ

L

"

d

<latexit sha1_base64="4V65ya1RmOf73cFJBD8S6ixLb7c="> xge/lvmCMjA2qp7PMAHbrGvb1Fm1OVwMCXzCybRBkQqQTSP8Fwp1gMQ5e+A2k0buT3072jy0UTtY387Lyp5dXspV5/TJMHw+fPoBj2ifNNYlj8gueUxC8oIcknfkhIwJJxfkV6fb2fYeeq+8N95RQ93qrHMekJZ5x78B5eo5jw==</latexit>

η =
"

d

1

L

<latexit sha1_base64="IrhRHscVfqmLVVYw0f41KNhqrDc="> NuvaXgdvNocTkMBrnMw6FCkHtWqE/9KgDpCE4B+FzaRh+F3fDzcPaVgPVrfzsLR7fy7lrHN8Z39wf//uCzyiA7KyFtkle+QWGZAH5JA8I0dkRDj5QL6Qb+R742dzt7nXvLmiNrbWOTukZs3bvwDPpi/B</latexit>

µ

constant L

constant

SSD is a special type of SGD, 

but results are much better 

than generic SGD analysis
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Observation: sometimes SSD (with Haar) drastically 

outperforms randomized coordinate descent (CD)

MLE + node choice for Gaussian Process example

Function Evaluations

O
bj

ec
ti
ve

 F
un

ct
io

n
Haar

<latexit sha1_base64="qCzVaEUSFqskyHHkUMFXxKjM1IA=">AAADf3icbVLLbhMxFHUboCW8WliysagqilRFCYLSLiq1PCRYIDVV01aKQ7A9dxKrHs907AEiy3/BHyHxD3wDLNjAmjsz4ZGUK83Mmfs41/f4ikwr69rtLwuLjUuXrywtX21eu37j5q2V1dvHNi1y CT2Z6jQ/FdyCVgZ6TjkNp1kOPBEaTsTZszJ+8g5yq1Jz5CYZDBI+MipWkjt0DVfedt8cdekufTX0DLRmTiVgSxQ2KTsveMTwm3A3FsK/CGyTaYjdBmVxzqWPQlUUukjCcjUauwc1VURrIhqF4cpau9WujF4EnSlY29v6+vHp/qfvB8PVxSUWpbJIwDipubX9TjtzA89z p6SG0GSFhYzLMz6CPkLDsdHAV1IEuo6eiMZpjo9xtPL+W+F5Yu0kEZhZTmXnY6Xzf7F+4eLtgVcmKxwYWTeKC01dSktdaaRykE5PEHCZKzwrlWOOKjlUv7nOqkrvuD4bJpiQ2jDrHAOPMDM0m8zAe5kmCTeRZ0LEPFF6gkqXA2HrNFJm5Huh+q+DXohUR4HhGuAZSn+Y ZXHwwQkR+p2B/0u51gmY9hxQ5Bxe48D7OhtzAc5PL1wEbDPl9knwZo41ghjO8WDWoUY56LoPvpVBGSAOwe+G+YEOw296fxjmCA9ng9Xq7JT2+M+iXATHD1udrdajLu7QNqltmdwl98gG6ZAnZI+8JAekRyT5TL6RH+RnY6Fxv9FqtOvUxYVpzR0yY42dXzmzLr0=</la texit>

QTQ = I!×!, E

(

d

!
QQT

)

= Id×dGeneric SSD

coordinate descent
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Haar SSD drastically outperforms 

randomized coordinate descent (CD)

We can force it to happen by making a 

problem with low “intrinsic” dimension, e.g., 

Nesterov’s “worst function in the world”
<latexit sha1_base64="3O6dBR7NdO/rII4mWfZcLbwdcR4="> dX39PSEdpblMfASrAXeocD+bxfKRpdT3wr77m3It9CA75DBkzY+g4ZeyGBLKrZtsBgRAmWlul3mn5rImPOXv4WLGwow0l5M6cAoFY+Cp927fzzd04n+ndyd+LuHJLFmvzl5lT/4sylXndKcdPm3vvoUd2kUTW0IP0SPUQiF6hg7QG3SMuoih7w3UWG4EzQfNF81XzcOJdKExjbmPZqx59AucXS6e</latexit>

fλ,r(x) = λ((x2
1 +

r−1∑

i=1

(xi − xi+1)
2 + x2

r)/2− x1)/4,

This has intrinsic dimension of r

new method

"
xe

d
 s

te
p
si
ze

dimension 100 dimension 1,000

<latexit sha1_base64="FJOo6B0V0lXsXcPBTg+Cssbp2Dw=">AAADIXicbVLLbhMxFHWHR0t4tbBEQiOiSqyimYpHWVQUwYINUhuRtlImimzPnYwVPwbbA0SWl2zZwp6f6Io9O8QO8Qn8BJ5JeCTlSmOdOffecx82qTgzNkm+r0Xnzl+4uL5xqXP5ytVr1ze3bhwZ VWsKA6q40icEG+BMwsAyy+Gk0oAF4XBMpk8b//Fr0IYp+dLOKhgJPJGsYBTbhtJ7O8l4s5v0ktbisyBdgO7jz6eHP9/dPj0Yb0XrWa5oLUBayrExwzSp7MhhbRnl4DtZbaDCdIonMAxQYgFm5NpmfbwdmDwulA6ftHHL/pvhsDBmJkiIFNiWZtXXkP/zDWtb7I4ck1Vt QdJ5oaLmsVVxM3mcMw3U8lkAmGoWeo1piTWmNuyns521mc5iPh2LEKCMXyZLwHmI9J1OJuENVUJgmbuMkAILxmfeZc1AobTKmZy4gW//505HiOK5z8JFhR4a3i+rWHhrCfHDdOT+SnZTH8KeQViyhhdh4Ce8KjEB67JmfBISQpmFthPeyRXVHAp4FRozNuxIA5/XCSeT YQ1QeO/2/OpAff9b3vX9imB/2dk+nUeN3f/zUM6Co51e+qB37zDp7u+iuW2gW+gOuotS9BDto+foAA0QRSV6jz6gj9Gn6Ev0Nfo2D43WFjk30ZJFP34BMEgOqA==</latexit>

r = 20

dimension 10,000

new method
new method

new method

coordinate descent

coordinate descent coordinate descent

<latexit sha1_base64="VKqbwVqEZL41lih1+SJ+vNrOEPg=">AAADI3icbVLLbhMxFHWHR0t4tbBEQiOiSqyiGcqjLCqKYMEGqY1IWikTRbbnTmLix2B7gMjykj1b2PMPXfED7BAbFnwBP4FnEh5JudJYZ86999yHTUrOjE2S72vRmbPnzq9vXGhdvHT5ytXNrWt9 oypNoUcVV/qYYAOcSehZZjkclxqwIByOyPRJ7T96DdowJV/YWQlDgceSFYxiG6h+Bpzv7Yw220knaSw+DdIFaD/6fHL4893Nk4PRVrSe5YpWAqSlHBszSJPSDh3WllEOvpVVBkpMp3gMgwAlFmCGrmnXx9uByeNC6fBJGzfsvxkOC2NmgoRIge3ErPpq8n++QWWL3aFj sqwsSDovVFQ8tiquZ49zpoFaPgsAU81CrzGdYI2pDRtqbWdNprOYT0ciBCjjl8kJ4DxE+lYrk/CGKiGwzF1GSIEF4zPvsnqgUFrlTI5dzzf/c6cjRPHcZ+GqQg8175dVLLy1hPhBOnR/JdupD2FPISxZw/Mw8GNeTjAB67J6fBISQpmFthPeyRXVHAp4FRozNuxIA5/X CSeTYQ1QeO/2/OpAXf9b3nX9imB32dk8nYe13fvzUE6D/p1Oer9z9zBp7++iuW2gG+gWuo1S9ADto2foAPUQRS/Re/QBfYw+RV+ir9G3eWi0tsi5jpYs+vELJJ4PtA==</latexit>

! = 3
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Haar SSD drastically outperforms 

randomized coordinate descent (CD)

We can force it to happen by making a 

problem with low “intrinsic” dimension, e.g., 

Nesterov’s “worst function in the world”
<latexit sha1_base64="3O6dBR7NdO/rII4mWfZcLbwdcR4="> dX39PSEdpblMfASrAXeocD+bxfKRpdT3wr77m3It9CA75DBkzY+g4ZeyGBLKrZtsBgRAmWlul3mn5rImPOXv4WLGwow0l5M6cAoFY+Cp927fzzd04n+ndyd+LuHJLFmvzl5lT/4sylXndKcdPm3vvoUd2kUTW0IP0SPUQiF6hg7QG3SMuoih7w3UWG4EzQfNF81XzcOJdKExjbmPZqx59AucXS6e</latexit>

fλ,r(x) = λ((x2
1 +

r−1∑

i=1

(xi − xi+1)
2 + x2

r)/2− x1)/4,

This has intrinsic dimension of r

new method

"
xe

d
 s

te
p
si
ze

dimension 100 dimension 1,000

<latexit sha1_base64="FJOo6B0V0lXsXcPBTg+Cssbp2Dw=">AAADIXicbVLLbhMxFHWHR0t4tbBEQiOiSqyimYpHWVQUwYINUhuRtlImimzPnYwVPwbbA0SWl2zZwp6f6Io9O8QO8Qn8BJ5JeCTlSmOdOffecx82qTgzNkm+r0Xnzl+4uL5xqXP5ytVr1ze3bhwZ VWsKA6q40icEG+BMwsAyy+Gk0oAF4XBMpk8b//Fr0IYp+dLOKhgJPJGsYBTbhtJ7O8l4s5v0ktbisyBdgO7jz6eHP9/dPj0Yb0XrWa5oLUBayrExwzSp7MhhbRnl4DtZbaDCdIonMAxQYgFm5NpmfbwdmDwulA6ftHHL/pvhsDBmJkiIFNiWZtXXkP/zDWtb7I4ck1Vt QdJ5oaLmsVVxM3mcMw3U8lkAmGoWeo1piTWmNuyns521mc5iPh2LEKCMXyZLwHmI9J1OJuENVUJgmbuMkAILxmfeZc1AobTKmZy4gW//505HiOK5z8JFhR4a3i+rWHhrCfHDdOT+SnZTH8KeQViyhhdh4Ce8KjEB67JmfBISQpmFthPeyRXVHAp4FRozNuxIA5/XCSeT YQ1QeO/2/OpAff9b3vX9imB/2dk+nUeN3f/zUM6Co51e+qB37zDp7u+iuW2gW+gOuotS9BDto+foAA0QRSV6jz6gj9Gn6Ev0Nfo2D43WFjk30ZJFP34BMEgOqA==</latexit>

r = 20

dimension 10,000

new method
new method

new method

coordinate descent

coordinate descent coordinate descent

coordinate descent

gradient descent gradient descent
gradient descent

coordinate descent

new methodnew methodnew method

lin
e 

se
ar

ch

no theory yet
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Previous theorem didn’t actually rely on properties of Haar distribution, just generic Q: 

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
∀ε ∈ (0, 1), if " ! ε−2, Q ∼ Haar(d × "), then ∀0 %= g ∈ Rd,

1 − ε ≤
d

"

‖QT g‖2

‖g‖2
≤ 1 + ε w/ prob. δ ≥ 0.8

! =
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d =
<latexit sha1_base64="RUWqc9oHDgW65eODc/ecX4kDQFA="> gCIEvx/Wk3rhT33fC2s6e6tOfDvp+ku5CE4eddPd7uPjpHO4RxbWIvfIA/KQpOQJOSQvyBHpE04K8oF8JJ+iz9HX6Fv0fREabSxz7pIVi37+BnWvDgE=</latexit>

Recall…

ambient dimension 

# directional derivs
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QTQ = I!×!, E

(

d

!
QQT

)

= Id×d

Coordinate sampling does 

not have this property!
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Previous theorem didn’t actually rely on properties of Haar distribution, just 

Tighter analysis using concentration-of-measure:

Lemma 2 (Johnson-Lindenstrauss style embedding, from Kozak, Becker, Tenorio ’19, Lemma 1).
∀ε ∈ (0, 1), if " ! ε−2, Q ∼ Haar(d × "), then ∀0 %= g ∈ Rd,

1 − ε ≤
d

"

‖QT g‖2

‖g‖2
≤ 1 + ε w/ prob. δ ≥ 0.8

due to possibility of failure of JL

error in JL embedding

QTQ = I!×!, E

(

d

!
QQT

)

= Id×d
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‖ ‖

Theorem 3 (Kozak, Becker, Tenorio ’19, Thm. 1). If f is strongly convex and ∇f is Lipschitz
continuous, then for an appropriate stepsize ηk, the sequence (xk) generated by SSD (with Q ∼
Haar), for k > 100, satisfies

f(xk) − f! ≤ (1 + (1 − ε)ρ)k/2 (f(x0) − f!) with probability ≥ 0.998,

where ρ < 1 depends on ", d and the Lipschitz and strong convexity parameters.
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Papers and code available at https://amath.colorado.edu/faculty/becker/ 

https://amath.colorado.edu/faculty/becker/
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Introduced in Charikar et al. (2004), more analysis 

in, e.g., Clarkson and Woodru" (2017)

S : Rn
→ R

m linear operator

n m

Input Output

N

p X

psmall

p
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S

Change in notation temporarily

n

m

n
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S : Rn
→ R

m linear operator

+1 +1 +1

+1 +1 +1

+1 +1 +1

+1 +1 +1

−1 −1 −1

−1 −1 −1

−1 −1 −1

−1 −1 −1

−1 −1 −1

s : [n] → {±1}

(1) : [ (1)] 1

[n] = (0, 1, . . . , n − 1)

Step 1: 

  Multiply by random sign*

Notation:

* technically doesn’t have to be fully random, but must be 2-wise independent

(use 0-based indexing)
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s(i) ⊥ s(j) if i "= j

(uniform)
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S : Rn
→ R

m linear operator

Step 2: 

  Assign an output row to 

every input row (randomly 

or with a hash function)

h : [n] → [m]

(uniform)

Again, don’t need all of h[i] to be independent, only pairwise independent 

   (but easy enough to make them all independent)
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S : Rn
→ R

m linear operator

Step 3: 

  Each output row is the sum 

of corresponding input rows
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S : Rn
→ R

m linear operator

Step 3: 

  Each output row is the sum 

of corresponding input rows
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S : Rn
→ R

m linear operator

Step 3: 

  Each output row is the sum 

of corresponding input rows
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S : Rn
→ R

m linear operator

Step 3: 

  Each output row is the sum 

of corresponding input rows
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S : Rn
→ R

m linear operator

Complexity analysis: every input element is touched once 

… so linear complexity 

   (and can exploit sparsity)
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S : Rn
→ R

m linear operator

|

u = S(v), ui =
∑

j|h(j)=i

s(j)vj h : [n] → [m]

s : [n] → {±1}

(1) (1)

p(x)
def
=

∑

j∈[n]

s(j) · vj · xh(j) =
∑

i∈[m]

xi





∑

j|h(j)=i

s(j)vj



 =
∑

i∈[m]

ui · xi

A formula for the output:

… and note that the following polynomial has the output as its coe"icients:
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v = v
(1) ⊗ v

(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

n = n(1) · n(2)where size is

Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

T : R
n → R

m
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Not (yet!) related to tensors

Method 8: TensorSketch

psmall

p
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v = v
(1) ⊗ v

(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

n = n(1) · n(2)where size is

a =







a1

a2

a3






, b =







b1

b2

b3






a ⊗ b =







a1b

a2b

a3b






=



































a1b1

a1b2

a1b3

a2b1

a2b2

a2b3

a3b1

a3b2

a3b3



































Kronecker/tensor product

Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

T : R
n → R

m

<latexit sha1_base64="6IiZW/QsvYoDtTAAEhN17NHONEs=">AAADjXicbVLLbhMxFHUTHiU82sISCY2IKrGKMkWICvEoAgk2SG3UtJUyIbI9dxIrtmewPZTI8pIFX8M2bPgPvoGf4M4kiCbFkkd3zj334XMvK6Swrtv9tdFoXrl67frmjdbNW7fvbG3v3D2xeWk4 9Hkuc3PGqAUpNPSdcBLOCgNUMQmnbPqm8p9+BmNFro/drIChomMtMsGpQ2i03U4UdRNOpT8O0bMo6X3UUWLEeOKoMfl5BShkdTvd+kSXjXhptF/9nB/9/vpgfjjaafSSNOelAu24pNYO4m7hhp4aJ7iE0EpKCwXlUzqGAZqaKrBDX78mRLuIpFGWG7zaRTV6McJTZe1M MWRWvdt1XwX+zzcoXbY/9EIXpQPNF4WyUkYujyppolQY4E7O0KDcCOw14hNqKHcoYGs3qSO9o3I6UkjIbVgFJ0BTZIZWK9FwznOlqE59wlhGlZCz4JPqQVg6T4Ue+36o/xdOz1gu05DgJLGHCg+rWRx8cYyFQTz0/1K244C0t4AiG/iAD34tiwll4Hw9VoYBWGaZ26vg 9XpzKWTwCTuzDkUyIBeF8Cs06gBZCP5FWA/qhb/5fS+s9dlbc6JEF8ZTOYzNLIpfT7hmWm4ivKJwK+NauoYeStzPgFsYr+/cZeNkrxM/7uwdddsH+2RxNsl98pA8IjF5Sg7Ie3JI+oSTb+Q7mZMfza3mk+bz5ssFtbGxjLlHVk7z3R/CozR1</latexit>
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v = v
(1)

⊗ v
(2)

TensorSketch is just CountSketch when the input can be written as a tensor product 

(for a special choice of the hash and sign functions)

n = n(1) · n(2)where size is

a =







a1

a2

a3






, b =







b1

b2

b3






a ⊗ b =







a1b

a2b

a3b






=



































a1b1

a1b2

a1b3

a2b1

a2b2

a2b3

a3b1

a3b2

a3b3



































a ⊗ b = veccol

(

ba
T

)









ba
T =







b1a1 b1a2 b1a3

b2a1 b2a2 b2a3

b3a1 b3a2 b3a3






=







a1b1 a2b1 a3b1

a1b2 a2b2 a3b2

a1b3 a2b3 a3b3







( )

another equivalent de!nition:

  

(A ⊗ B) veccol (X) = veccol

(

BXA
T

)

more generally,

Kronecker/tensor product

vec : [n(1)] × [n(2)] → [n(1) · n(2)]

vec−1 = mat : [n(1) · n(2)] → [n(1)] × [n(2)]

Introduced in Pagh (2013), more analysis 

in, e.g., Diao, Zong, Sun, Woodru" (2018)

T : R
n → R

m

<latexit sha1_base64="6IiZW/QsvYoDtTAAEhN17NHONEs=">AAADjXicbVLLbhMxFHUTHiU82sISCY2IKrGKMkWICvEoAgk2SG3UtJUyIbI9dxIrtmewPZTI8pIFX8M2bPgPvoGf4M4kiCbFkkd3zj334XMvK6Swrtv9tdFoXrl67frmjdbNW7fvbG3v3D2xeWk4 9Hkuc3PGqAUpNPSdcBLOCgNUMQmnbPqm8p9+BmNFro/drIChomMtMsGpQ2i03U4UdRNOpT8O0bMo6X3UUWLEeOKoMfl5BShkdTvd+kSXjXhptF/9nB/9/vpgfjjaafSSNOelAu24pNYO4m7hhp4aJ7iE0EpKCwXlUzqGAZqaKrBDX78mRLuIpFGWG7zaRTV6McJTZe1M MWRWvdt1XwX+zzcoXbY/9EIXpQPNF4WyUkYujyppolQY4E7O0KDcCOw14hNqKHcoYGs3qSO9o3I6UkjIbVgFJ0BTZIZWK9FwznOlqE59wlhGlZCz4JPqQVg6T4Ue+36o/xdOz1gu05DgJLGHCg+rWRx8cYyFQTz0/1K244C0t4AiG/iAD34tiwll4Hw9VoYBWGaZ26vg 9XpzKWTwCTuzDkUyIBeF8Cs06gBZCP5FWA/qhb/5fS+s9dlbc6JEF8ZTOYzNLIpfT7hmWm4ivKJwK+NauoYeStzPgFsYr+/cZeNkrxM/7uwdddsH+2RxNsl98pA8IjF5Sg7Ie3JI+oSTb+Q7mZMfza3mk+bz5ssFtbGxjLlHVk7z3R/CozR1</latexit>
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v = v
(1)

⊗ v
(2) n = n(1) · n(2)

→

h(1) : [n(1)] → [m]

h(2) : [n(2)] → [m]

h : [n] → [m]
(1) : [ (1)] [ ]

h(j1, j2) = h(1)(j1) + h(2)(j2) mod m
(1) (2)

Pick hash functions in a decomposable way:

(we’re being loose about how we write the input, since 

we can use the mat/vec bijection as needed)

Input has structure with sizes

build small 

hash functions:

Fact: as long as     is fully independent (or at least 3-wise independent), then h is 2-wise independent
<latexit sha1_base64="8OfLn0bkxy6vrmjqKhXTuw81NTU=">AAAFC3icdVTNbtNAEN62AUr4aQvcuFhElVoJVXElfi6I8iOVS0uJSFspDtWuPW5WWa/Nel1iVvsIHLjCO3DhhjjCQ3DkBXgGxnYqsNOuZGs88803v2uWCJ7qbvfX3PxC68LFS4uX21euXru+tLxy Yz+NM+VD349FrA4ZTUFwCX3NtYDDRAGNmIADNn5W2A9OQKU8lq91nsAwoseSh9ynGlUHozdmja/bo+VOd6NbHmdWcKdC5/GP97+3v9wye0crC3+8IPazCKT2BU3TgdtN9NBQpbkvwLZXvSyFhPpjegwDFCWNIB2aMmHrrKImcMJY4SO1U2rbZ3ncDU54kk6dJ5X3/0BD ozTNI4aUEdWjtGkrlGfZBpkOHw4Nl0mmQfpVRmEmHB07RZucgCvwtchRoL7iWJXjj6iivsZmYnWlp9FUjI8iBMSprStHQANE2nbbk/DOj6OIysB4jIU04iK3xisqx9BxwOWx6dvyuzIaxmIRWA+nijkUeltn0TDRjNmBOzT/KDuuRdhzwHEo2MGCn4hkRBlo4xXlM3TA MFNuE1kjm8kFEMJbzCzV2CQFogqEby6xDxBaax7ZplPPnvKbnm3k2WsYG67SVhHKsZoeBEVODYrdMzC4s5vr1hYdPx+6kwkGSmGnd5ucUQ34UvAT2FYAsuhKkzSpx49zKp6KDKxJmqznIndnSCenbQnNxOLu4ZKFISi8S+V9aM+Ai5kVax6LwqFuz+v2vGlnuAK0jvFK VX2Snh5REZqqhlTnArwQ19241mxir/EP4Tb/B7PC/uaGe3/j3qtuZ2uLVGeR3CZ3yBpxyQOyRV6QPdInPhmTj+QT+dz60Pra+tb6XkHn56Y+N0nttH7+BSup1Ms=</latexit>

h
(i)
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v = v
(1)

⊗ v
(2) n = n(1) · n(2)

→

h(1) : [n(1)] → [m]

h(2) : [n(2)] → [m]

h : [n] → [m]
(1) : [ (1)] [ ]

s : [n] → {±1}
(1) : [ (1)] 1

→ {± }

s(1) : [n(1)] → {±1}

s(2) : [n(2)] → {±1}

h(j1, j2) = h(1)(j1) + h(2)(j2) mod m
(1) (2)

s(j1, j2) = s(1)(j1) · s(2)(j2)

Pick hash functions in a decomposable way:

(we’re being loose about how we write the input, since 

we can use the mat/vec bijection as needed)

Input has structure with sizes

build small 

hash functions:

same trick for 

sign functions:

Fact: h is 2-wise independent

still pairwise independent, as needed for theory!
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→

h(1) : [n(1)] → [m]

h(2) : [n(2)] → [m]

 

p(1)(x)
def
=

∑

j∈[n(1)]

s(1)(j) · v
(1)
j · xh(1)(j) =

∑

i∈[m]

u
(1)
i · xi

p(2)(x)
def
=

∑

j∈[n(2)]

s(2)(j) · v
(2)
j · xh(2)(j) =

∑

i∈[m]

u
(2)
i · xi

p(1)(x) · p(2)(x) mod xm
− 1

what’s the point? Huge computational speedup.

Let’s compute this:
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what’s the point? Huge computational speedup.

p(1)(x) · p(2)(x) =





∑

j1∈[n(1)]

s(1)(j1) · v
(1)
j1

· xh(1)(j1)



 ·





∑

j2∈[n(2)]

s(2)(j2) · v
(2)
j2

· xh(2)(j2)





=
∑

j1∈[n(1)], j2∈[n(2)]

s(1)(j1) · s(2)(j2) · v
(1)
j1

· v
(2)
j2

· xh(1)(j1)
· xh(2)(j2)

=
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(1)(j1)h(2)(j2)

≡
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(j1,j2) mod xm
− 1

= p(x)
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what’s the point? Huge computational speedup.

p(1)(x) · p(2)(x) =





∑

j1∈[n(1)]

s(1)(j1) · v
(1)
j1

· xh(1)(j1)



 ·





∑

j2∈[n(2)]

s(2)(j2) · v
(2)
j2

· xh(2)(j2)





=
∑

j1∈[n(1)], j2∈[n(2)]

s(1)(j1) · s(2)(j2) · v
(1)
j1

· v
(2)
j2

· xh(1)(j1)
· xh(2)(j2)

=
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(1)(j1)h(2)(j2)

≡
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(j1,j2) mod xm
− 1

= p(x)
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what’s the point? Huge computational speedup.

p(1)(x) · p(2)(x) =





∑

j1∈[n(1)]

s(1)(j1) · v
(1)
j1

· xh(1)(j1)



 ·





∑

j2∈[n(2)]

s(2)(j2) · v
(2)
j2

· xh(2)(j2)





=
∑

j1∈[n(1)], j2∈[n(2)]

s(1)(j1) · s(2)(j2) · v
(1)
j1

· v
(2)
j2

· xh(1)(j1)
· xh(2)(j2)

=
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(1)(j1)h(2)(j2)

≡
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(j1,j2) mod xm
− 1

= p(x)
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what’s the point? Huge computational speedup.

p(1)(x) · p(2)(x) =





∑

j1∈[n(1)]

s(1)(j1) · v
(1)
j1

· xh(1)(j1)



 ·





∑

j2∈[n(2)]

s(2)(j2) · v
(2)
j2

· xh(2)(j2)





=
∑

j1∈[n(1)], j2∈[n(2)]

s(1)(j1) · s(2)(j2) · v
(1)
j1

· v
(2)
j2

· xh(1)(j1)
· xh(2)(j2)

=
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(1)(j1)h(2)(j2)

≡
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(j1,j2) mod xm
− 1

= p(x)

xk! = xdm+(k! mod m) = xdm+(k! mod m) = (xm)dxk! mod m
≡ xk! mod m mod xm

− 1

xm
≡ 1 mod xm

− 1

w polynomial. Polynomial

Recall
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what’s the point? Huge computational speedup.

p(1)(x) · p(2)(x) =





∑

j1∈[n(1)]

s(1)(j1) · v
(1)
j1

· xh(1)(j1)



 ·





∑

j2∈[n(2)]

s(2)(j2) · v
(2)
j2

· xh(2)(j2)





=
∑

j1∈[n(1)], j2∈[n(2)]

s(1)(j1) · s(2)(j2) · v
(1)
j1

· v
(2)
j2

· xh(1)(j1)
· xh(2)(j2)

=
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(1)(j1)h(2)(j2)

≡
∑

j1∈[n(1)], j2∈[n(2)]

S(j1, j2) · vj1j2 · xh(j1,j2) mod xm
− 1

= p(x)
coe"icients are the output 

of the CountSketch!
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 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

<latexit sha1_base64="Cf4JLeFR/+F9SdZUaRQ6VIEP+0I=">AAAFB3icdVTNbtQwEHbpQsvy18KRS0RVqZVQtalU4IJUfiS4tLQrtq20WSo7mXStOk6wnbKR5QfgwhXeghviymPwAogL78Ak2QqSbS0lmsx8881vzDLBten1fs5dme9cvbaweL174+at23eWlu8e 6DRXIQzCVKTqiFENgksYGG4EHGUKaMIEHLLTF6X98AyU5ql8a4oMRgk9kTzmITWlKlubrB8vrfQ2etXxZgV/Kqxse/u/fy0ubO0dL8//CaI0zBOQJhRU66Hfy8zIUmV4KMB1V4NcQ0bDU3oCQxQlTUCPbJWt81ZRE3lxqvCRxqu03Ys8HkZnPNNT50nt/T/Q0kTrImFI mVAz1m1bqbzINsxN/GRkucxyAzKsM4pz4ZnUK3vkRVxBaESBAg0Vx6q8cEwVDQ12EqurPK2h4vQ4QUCqXVM5Bhoh0nW7gYQPYZokVEY2YCymCReFs0FZOYZOIy5P7MBV37XRMpaKyAU4Usyh1Lsmi4GJYcwN/ZH9R7niO4S9BByHgh0s+JnIxpSBsUFZPkMHDDPltomz sp1cBDG8x8y0wSYpEHUgfHOJfYDYOfvUtZ367pzf9l0rz37L2LRKVweopmr7EJUptRh2L8C8s2ub686VDb8cupMLBkpho3fbnEkD+EbwM3ilAGTZlDZp1oyfFlQ8Fzk4m7VZL0XuzpBOzrsS24nD1cMdi2NQ+CtVv0N3BlyOrNzyVJQOTXvRtBdtO8MNoE1MUKma4wjM mIrY1jVoUwgIYtx26zu7ib3GC8JvXwezwsHmhv9oY2sfb4ptUp9Fcp88IGvEJ4/JNnlN9siAhGRMPpHP5EvnY+dr51vnew29Mjf1uUcap/PjL8ED0j8=</latexit>

p(x)

<latexit sha1_base64="Cf4JLeFR/+F9SdZUaRQ6VIEP+0I=">AAAFB3icdVTNbtQwEHbpQsvy18KRS0RVqZVQtalU4IJUfiS4tLQrtq20WSo7mXStOk6wnbKR5QfgwhXeghviymPwAogL78Ak2QqSbS0lmsx8881vzDLBten1fs5dme9cvbaweL174+at23eWlu8e 6DRXIQzCVKTqiFENgksYGG4EHGUKaMIEHLLTF6X98AyU5ql8a4oMRgk9kTzmITWlKlubrB8vrfQ2etXxZgV/Kqxse/u/fy0ubO0dL8//CaI0zBOQJhRU66Hfy8zIUmV4KMB1V4NcQ0bDU3oCQxQlTUCPbJWt81ZRE3lxqvCRxqu03Ys8HkZnPNNT50nt/T/Q0kTrImFI mVAz1m1bqbzINsxN/GRkucxyAzKsM4pz4ZnUK3vkRVxBaESBAg0Vx6q8cEwVDQ12EqurPK2h4vQ4QUCqXVM5Bhoh0nW7gYQPYZokVEY2YCymCReFs0FZOYZOIy5P7MBV37XRMpaKyAU4Usyh1Lsmi4GJYcwN/ZH9R7niO4S9BByHgh0s+JnIxpSBsUFZPkMHDDPltomz sp1cBDG8x8y0wSYpEHUgfHOJfYDYOfvUtZ367pzf9l0rz37L2LRKVweopmr7EJUptRh2L8C8s2ub686VDb8cupMLBkpho3fbnEkD+EbwM3ilAGTZlDZp1oyfFlQ8Fzk4m7VZL0XuzpBOzrsS24nD1cMdi2NQ+CtVv0N3BlyOrNzyVJQOTXvRtBdtO8MNoE1MUKma4wjM mIrY1jVoUwgIYtx26zu7ib3GC8JvXwezwsHmhv9oY2sfb4ptUp9Fcp88IGvEJ4/JNnlN9siAhGRMPpHP5EvnY+dr51vnew29Mjf1uUcap/PjL8ED0j8=</latexit>

p(x)

<latexit sha1_base64="C88WlAfo4tMZreDHNdtHUlBAajM=">AAAFB3icdVTdTtRAFB5gFVz/QC+9aSQkkBiyJUG9McGfRG9A2LhAQlcy056yE6bTMjPFbSbzAN54q2/hnfHWx/AFjDe+g6ftEm0XJmlzes53vvPbYZng2vR6P2dm5zrXrs8v3OjevHX7zt3FpXv7 Os1VCIMwFak6ZFSD4BIGhhsBh5kCmjABB+z0ZWk/OAeleSrfmSKDYUJPJI95SE2pOlsdrx0vLvfWe9XxpgV/IixveXu/fy3Mb+4eL839CaI0zBOQJhRU6yO/l5mhpcrwUIDrrgS5hoyGp/QEjlCUNAE9tFW2zltBTeTFqcJHGq/Sdi/zeBSd80xPnMe19/9ASxOti4Qh ZULNSLdtpfIy21Fu4qdDy2WWG5BhnVGcC8+kXtkjL+IKQiMKFGioOFblhSOqaGiwk1hd5WkNFafHCQJS7ZrKEdAIka7bDSR8CNMkoTKyAWMxTbgonA3KyjF0GnF5Ygeu+q6NlrFURC7AkWIOpd41WQyMDWPuyB/af5TLvkPYK8BxKNjGgp+LbEQZGBuU5TN0wDATbps4 K9vJRRDDGWamDTZJgagD4ZtL7APEztlnru3Udxf8tu9aefZbxqZVujpANVXbh6hMqcWwcwnmvV3dWHOubPjV0O1cMFAKG73T5kwawLeCn8NrBSDLprRJs2b8tKDihcjB2azNeiVyZ4p0fNGV2I4drh7uWByDwl+p+h26U+ByZOWWp6J0aNqLpr1o2xluAG1igkrVHEdg RlTEtq5Bm0JAEOO2W9/ZDew1XhB++zqYFvY31v3H65t7eFNskfoskAfkIVklPnlCtsgbsksGJCQj8ol8Jl86HztfO98632vo7MzE5z5pnM6Pv8Wm0kA=</latexit>

q(x)

<latexit sha1_base64="C88WlAfo4tMZreDHNdtHUlBAajM=">AAAFB3icdVTdTtRAFB5gFVz/QC+9aSQkkBiyJUG9McGfRG9A2LhAQlcy056yE6bTMjPFbSbzAN54q2/hnfHWx/AFjDe+g6ftEm0XJmlzes53vvPbYZng2vR6P2dm5zrXrs8v3OjevHX7zt3FpXv7 Os1VCIMwFak6ZFSD4BIGhhsBh5kCmjABB+z0ZWk/OAeleSrfmSKDYUJPJI95SE2pOlsdrx0vLvfWe9XxpgV/IixveXu/fy3Mb+4eL839CaI0zBOQJhRU6yO/l5mhpcrwUIDrrgS5hoyGp/QEjlCUNAE9tFW2zltBTeTFqcJHGq/Sdi/zeBSd80xPnMe19/9ASxOti4Qh ZULNSLdtpfIy21Fu4qdDy2WWG5BhnVGcC8+kXtkjL+IKQiMKFGioOFblhSOqaGiwk1hd5WkNFafHCQJS7ZrKEdAIka7bDSR8CNMkoTKyAWMxTbgonA3KyjF0GnF5Ygeu+q6NlrFURC7AkWIOpd41WQyMDWPuyB/af5TLvkPYK8BxKNjGgp+LbEQZGBuU5TN0wDATbps4 K9vJRRDDGWamDTZJgagD4ZtL7APEztlnru3Udxf8tu9aefZbxqZVujpANVXbh6hMqcWwcwnmvV3dWHOubPjV0O1cMFAKG73T5kwawLeCn8NrBSDLprRJs2b8tKDihcjB2azNeiVyZ4p0fNGV2I4drh7uWByDwl+p+h26U+ByZOWWp6J0aNqLpr1o2xluAG1igkrVHEdg RlTEtq5Bm0JAEOO2W9/ZDew1XhB++zqYFvY31v3H65t7eFNskfoskAfkIVklPnlCtsgbsksGJCQj8ol8Jl86HztfO98632vo7MzE5z5pnM6Pv8Wm0kA=</latexit>

q(x)
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1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization
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 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

2 · 1
<latexit sha1_base64="mm6We9I4qau8sdSZXFtqUlw0en8=">AAADSnicfVLLjtMwFPVkBhjKawaWbCKqkVigKilIsEEMggUbpKGiM5WaqrKdm9aqH8F2oJXln2DH40f4B36A32CH2OAkRdAO4kqJjs99nXttUnJmbJJ824l29y5cvLR/uXPl6rXrNw4Ob54aVWkK Q6q40iOCDXAmYWiZ5TAqNWBBOJyRxbPaf/YWtGFKvrarEiYCzyQrGMU2UKN+RnNl43R60E16SWPxeZCuQffJlw+1fTyZHkb3slzRSoC0lGNjxmlS2onD2jLKwXeyykCJ6QLPYBygxALMxDWCfXwUmDwulA6ftHHD/p3hsDBmJUiIFNjOzbavJv/lG1e2eDRxTJaVBUnb RkXFY6vievo4Zxqo5asAMNUsaI3pHGtMbdhR5yhrMp3FfDEVIUAZv0nOAech0nc6mYR3VAmBZe4yQgosGF95l9UDhdYqZ3Lmhr45t05HiOK5z8JlBQ017zerWFhaQvw4nbg/JbupD2HPISxZw8sw8FNezjEB67J6fBISQpt1bSe8k9vicijgTVBmbFiSBt42Cn8mwx6g 8N499ttJA/+7vhv4LZ2D/zmXvq3f3KnTEEQtvQ/vK91+TefBab+X3u/1XyXd4weotX10G91Bd1GKHqJj9AKdoCGiiKP36BP6HH2Nvkc/op9taLSzzrmFNmx37xf7BB9w</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

3 · 1 + 2 · (−1) = 1
<latexit sha1_base64="pHFjDAT1JRZvENy0+ZaOPn49rQM=">AAADXnicfVJdb9MwFPVaGKMw1gEPCF4sqklDjKrpkOBl0hA88II0KrpNaqrKdm5aq44TYgdaWZb4NbzC3+GNn8JNUgTtEFdKdHzu17nX5pmSxvZ6P7YazWvXt2/s3Gzdur17Z6+9f/fcpEUuYChS leaXnBlQUsPQSqvgMsuBJVzBBZ+/Lv0XnyA3MtUf7DKDccKmWsZSMIvUpP3wOBRRamlAn9J+DQ+fBU/oCQ0m7U6v26uMXgXBCnRO78eVnU32G0dhlIoiAW2FYsaMgl5mx47lVgoFvhUWBjIm5mwKI4SaJWDGrhrC0wNkIhqnOX7a0or9O8OxxJhlwjEyYXZmNn0l+S/f qLDxy7GTOissaFE3igtFbUrLjdBI5iCsWiJgIpeolYoZy5mwuLfWQVhlOsvUfJJgQGr8OjkDFmGkb7VCDZ9FmiRMRy7kPGaJVEvvwnIgbJ1GUk/d0Ffn2uk4T1XkQ7xA1FDyfr2KhYXl3I+CsftTshN4DHsDuOQc3uHAr1Q2YxysC8vxOSZgm1Vtl3inN8VFEMNHVGYs LikHVTfCv9S4B4i9dyd+M2ngf9d3A7+hc/A/58LX9as7dTmgqIX3+L6Czdd0FZz3u8Fxt/8eH9pzUtsOeUQek0MSkBfklLwlZ2RIBPlCvpJv5HvjZ3O7udvcq0MbW6uce2TNmg9+AR3BH6I=</latexit>

TensorSketch

119

 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

+x
3

<latexit sha1_base64="3iNaXhmLPttOqO9muHS1p3zsa14="> X2jcA6TeuwO/ntT3v+u7vl/T2f+fc+6b+vWdugJQ1Nx7fF/R+mu6CE72utF+d+91r3P4iDS2Se6Se+Q+ichjckhekmMyIJwI8pF8Ip+Dr8H34Edw3oQGrWXOHbJiG61fcb4d4Q==</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

4 · 1 + 3 · (−1) + 2 · 5 = 11
<latexit sha1_base64="eV9f/TCMlpqKXifMyp9/xG8FnKY=">AAADaXicfVLdbtMwFPZafkb5a4ELBDcW1aQhoGq6IbiZNAQX3CCNim6TmqqynZPWquOE2IFWlp+Ap+EWnoRn4CU4SYqgHeJIiT5/5+87x+aZksb2+z92Gs1Ll69c3b3Wun7j5q3b7c6dU5MWuYCR SFWan3NmQEkNIyutgvMsB5ZwBWd88br0n32C3MhUf7CrDCYJm2kZS8EsUtP23mEootTSgD6hBxXcfxY8xsOg5p/TIxoE03a33+tXRi+CYA26x/fiyk6mncbTMEpFkYC2QjFjxkE/sxPHciuFAt8KCwMZEws2gzFCzRIwE1fN4+keMhGN0xw/bWnF/p3hWGLMKuEYmTA7 N9u+kvyXb1zY+OXESZ0VFrSoG8WFojal5XJoJHMQVq0QMJFL1ErFnOVMWFxhay+sMp1lajFNMCA1fpOcA4sw0rdaoYbPIk0SpiMXch6zRKqVd2E5ELZOI6lnbuSrc+10nKcq8iHeJWooeb9ZxcLScu7HwcT9KdkNPIa9AVxyDu9w4FcqmzMO1oXl+BwTsM26tku809vi IojhIyozFpeUg6ob4V9q3APE3rsjv5009L/ru6Hf0jn8n3Pp6/rVnbocUNTSe3xfwfZrughOB73goDd4jw/tkNS2Sx6SR2SfBOQFOSZvyQkZEUG+kK/kG/ne+NnsNO83H9ShjZ11zl2yYc3uL+CNIxs=</latexit>

TensorSketch

120

 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

+11x
2

<latexit sha1_base64="1kc5k/wUChg7bSlPWJJF3QyH/pM="> v9C4B0i9dwd+M6nvf9d3fb+hs/8/58I39es7dQWgqIX3+L6izdd0Hpz09qOH+73X3c7hI9LYNrlD7pJ7JCKPySF5SY7JgHAyJx/JJ/I5+Bp8D86CH01osLXKuU3WrNX6BdbrHlY=</latexit>

+x
3

<latexit sha1_base64="3iNaXhmLPttOqO9muHS1p3zsa14="> X2jcA6TeuwO/ntT3v+u7vl/T2f+fc+6b+vWdugJQ1Nx7fF/R+mu6CE72utF+d+91r3P4iDS2Se6Se+Q+ichjckhekmMyIJwI8pF8Ip+Dr8H34Edw3oQGrWXOHbJiG61fcb4d4Q==</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>
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1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization
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 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

+11x
2

<latexit sha1_base64="1kc5k/wUChg7bSlPWJJF3QyH/pM="> v9C4B0i9dwd+M6nvf9d3fb+hs/8/58I39es7dQWgqIX3+L6izdd0Hpz09qOH+73X3c7hI9LYNrlD7pJ7JCKPySF5SY7JgHAyJx/JJ/I5+Bp8D86CH01osLXKuU3WrNX6BdbrHlY=</latexit>

+x
3

<latexit sha1_base64="3iNaXhmLPttOqO9muHS1p3zsa14="> X2jcA6TeuwO/ntT3v+u7vl/T2f+fc+6b+vWdugJQ1Nx7fF/R+mu6CE72utF+d+91r3P4iDS2Se6Se+Q+ichjckhekmMyIJwI8pF8Ip+Dr8H34Edw3oQGrWXOHbJiG61fcb4d4Q==</latexit>

4 · (−1) + 3 · 5 = 11
<latexit sha1_base64="F2djRU1UujZ4gS+jwxmXuNupTYU=">AAADXnicfVLNbhMxEHYTKCVQmgIHBBeLqFIRJcq2RXCpVAQHLkglIm2lbBTZ3tnEite7rL2QyLLE03CF1+HGozC7GwRJESPZGn/z9814eKaksb3ej41G89r1zRtbN1u3bm/f2Wnv3j03aZELGIhU pfklZwaU1DCw0iq4zHJgCVdwwWevS/vFJ8iNTPUHu8hglLCJlrEUzCI0bj88DkWU2v1nwRP6lB5VD/qcntAgGLc7vW6vEnpVCZZK5/R+XMnZeLdxEEapKBLQVihmzDDoZXbkWG6lUOBbYWEgY2LGJjBEVbMEzMhVTXi6h0hE4zTHoy2t0L8jHEuMWSQcPRNmp2bdVoL/ sg0LG78cOamzwoIWdaG4UNSmtJwIjWQOwqoFKkzkErlSMWU5Exbn1toLq0hnmZqNE3RIjV8Fp8Ai9PStVqjhs0iThOnIhZzHLJFq4V1YNoSl00jqiRv46l0bHeepinyIH4gcStyvZrEwt5z7YTByf1J2Ao9ubwCHnMM7bPiVyqaMg3Vh2T7HACyzzO0S7/Q6uQhi+IjM jMUh5aDqQnhLjXOA2Ht34teD+v53ftf3azz7/zPOfZ2/+lOXA5Kae4/7Faxv01Xl/LAbHHUP3+OiHZNatsgj8pjsk4C8IKfkLTkjAyLIF/KVfCPfGz+bm83t5k7t2thYxtwjK9J88Ategh+5</latexit>

+11x
<latexit sha1_base64="8BL9FVTQjE7eZ5mQEn8wnvky2fI="> GvcAmffuwK8n9f3v+q7v13T2/+ec+7Z+c6euBBQ19x7fV7z+mi6Ck73deH93703UO3xMWtsk98h98oDE5Ak5JK/IMRkQTgT5SD6Rz8HX4HvwIzhvQ4POMucuWbGNzi/prR2y</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

TensorSketch

122

 How to multiply polynomials?

4 3 2

1 -1 5

(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

+11x
2

<latexit sha1_base64="1kc5k/wUChg7bSlPWJJF3QyH/pM="> v9C4B0i9dwd+M6nvf9d3fb+hs/8/58I39es7dQWgqIX3+L6izdd0Hpz09qOH+73X3c7hI9LYNrlD7pJ7JCKPySF5SY7JgHAyJx/JJ/I5+Bp8D86CH01osLXKuU3WrNX6BdbrHlY=</latexit>

+x
3

<latexit sha1_base64="3iNaXhmLPttOqO9muHS1p3zsa14="> X2jcA6TeuwO/ntT3v+u7vl/T2f+fc+6b+vWdugJQ1Nx7fF/R+mu6CE72utF+d+91r3P4iDS2Se6Se+Q+ichjckhekmMyIJwI8pF8Ip+Dr8H34Edw3oQGrWXOHbJiG61fcb4d4Q==</latexit>

+11x
<latexit sha1_base64="8BL9FVTQjE7eZ5mQEn8wnvky2fI="> GvcAmffuwK8n9f3v+q7v13T2/+ec+7Z+c6euBBQ19x7fV7z+mi6Ck73deH93703UO3xMWtsk98h98oDE5Ak5JK/IMRkQTgT5SD6Rz8HX4HvwIzhvQ4POMucuWbGNzi/prR2y</latexit>

4 · 5 = 20
<latexit sha1_base64="3NB99DCStH2UDKqgJ/QCTtmo1m8=">AAADTXicfVLLbhMxFHWnQEt4tbBkMyKqxAJFM20RbCqKYMEGqUSkrZSJIttzJ7Hix2B7IJHlz2ABC/gOvoI1H8IOITwzQZAUcaUZHZ/7OvfapOTM2CT5thFtXrp8ZWv7aufa9Rs3b+3s3j41qtIU BlRxpc8JNsCZhIFllsN5qQELwuGMzJ7V/rO3oA1T8rVdlDASeCJZwSi2gRoeZjRXNn54tJ+Md7pJL2ksvgjSJeg++fKhto8n493oQZYrWgmQlnJszDBNSjtyWFtGOfhOVhkoMZ3hCQwDlFiAGblGs4/3ApPHhdLhkzZu2L8zHBbGLAQJkQLbqVn31eS/fMPKFo9Hjsmy siBp26ioeGxVXC8gzpkGavkiAEw1C1pjOsUaUxvW1NnLmkxnMZ+NRQhQxq+SU8B5iPSdTibhHVVCYJm7jJACC8YX3mX1QKG1ypmcuIFvzq3TEaJ47rNwX0FDzfvVKhbmlhA/TEfuT8lu6kPYcwhL1vAyDPyUl1NMwLqsHp+EhNBmWdsJ7+S6uBwKeBOUGRuWpIG3jcKf ybAHKLx3R349qe9/13d9v6az/z/n3Lf1mzt1GoKouffhfaXrr+kiON3vpQe9/VdJ9/gQtbaN7qJ76D5K0SN0jF6gEzRAFCn0Hn1Cn6Ov0ffoR/SzDY02ljl30Iptbv0CUEAgMw==</latexit>

+20
<latexit sha1_base64="26AjiZ2jwOixrBycuglAEnUlihA="> HiDz3u359aS+/13f9f2azv7/nHPf1m/u1JWAoube4/uK11/TaXDU243v7fZeRN39+6S1TXKT3CK3SUwekH3yjBySAeFkQt6R9+RD8Cn4EnwNvrWhwcYy5wZZseDnLzvkHck=</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>



Stephen Becker (CU Boulder) Randomization Methods for Big Data CU CS colloquium, Oct 2023

1. Randomized “sketches” 

a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

TensorSketch

123

 How to multiply polynomials?
(

2x
2
+ 3x+ 4

)

·

(

x
2
− x+ 5

)

<latexit sha1_base64="Gt84urofsf3SvFCNlXkhu3N3KOI=">AAADhnicfVJLbxMxEHYbHiG8WjjCwaKqVARE2bRVuSCFx4ELUqlIWykOke2dTax6vYvtlESWj/wX7lz5DVwB8WeYbFJBU4SltWa/+Wbmm/GIUivnW62fK6u1S5evXK1fa1y/cfPW7bX1O4euGFsJ XVnowh4L7kArA12vvIbj0gLPhYYjcfJy5j86BetUYd75aQn9nA+NypTkHqHB2gumIfNbtE3Z5H2bPqLbbIL3DmVWDUf+IWUyLTxdsCrOE1pRds8og7WNVrNVHXrRSBbGRud+9unX6Zev+4P11ccsLeQ4B+Ol5s71klbp+4Fbr6SG2GBjByWXJ3wIPTQNz8H1Q9VspJuI pDQrLH7G0wr9OyLw3LlpLpCZcz9yy74Z+C9fb+yzp/2gTDn2YOS8UDbW1Bd0NjmaKgvS6ykaXFqFWqkccculx/k2NlkVGTzXJ4McCYWL58ER8BSZsdFgBj7KIs+5SQMTIuO50tMY2KwhLF2kygxDN1b/c2cQotBpZPjQqGGGx/NZPEy8ELGX9MOflBtJRNorwCFbeIMN P9fliAvwgc3aFxiAZRa5Qx6DWRaXQgYfUJnzOCQLel4Ib2VwDpDFGJ7F5aCDeJY/HMQlnQf/c07iPH/1psECiprEiPuVLG/TReOw3Uy2m+23uGg7ZH7q5B55QLZIQvZIh7wm+6RLJPlMvpHv5EetXmvWdmt7c+rqyiLmLjl3ap3fYhIuTg==</latexit>

= 2x
4

<latexit sha1_base64="WU1wOoWIWJ7ryjXVOoSKz+WYQc4="> QOq9O/KbSX3/u77r+w2d/f85F76pX9+pKwBFLbzH9xVtvqbLYNjrRAed3ptu+/iQNLZDHpCH5BGJyBNyTF6REzIgnLwnn8k5uQi+Bt+DH8HPJjTYWuXcJ2u2HfwCpIceqA==</latexit>

+11x
2

<latexit sha1_base64="1kc5k/wUChg7bSlPWJJF3QyH/pM="> v9C4B0i9dwd+M6nvf9d3fb+hs/8/58I39es7dQWgqIX3+L6izdd0Hpz09qOH+73X3c7hI9LYNrlD7pJ7JCKPySF5SY7JgHAyJx/JJ/I5+Bp8D86CH01osLXKuU3WrNX6BdbrHlY=</latexit>

+x
3

<latexit sha1_base64="3iNaXhmLPttOqO9muHS1p3zsa14="> X2jcA6TeuwO/ntT3v+u7vl/T2f+fc+6b+vWdugJQ1Nx7fF/R+mu6CE72utF+d+91r3P4iDS2Se6Se+Q+ichjckhekmMyIJwI8pF8Ip+Dr8H34Edw3oQGrWXOHbJiG61fcb4d4Q==</latexit>

+11x
<latexit sha1_base64="8BL9FVTQjE7eZ5mQEn8wnvky2fI="> GvcAmffuwK8n9f3v+q7v13T2/+ec+7Z+c6euBBQ19x7fV7z+mi6Ck73deH93703UO3xMWtsk98h98oDE5Ak5JK/IMRkQTgT5SD6Rz8HX4HvwIzhvQ4POMucuWbGNzi/prR2y</latexit>

4 · 5 = 20
<latexit sha1_base64="3NB99DCStH2UDKqgJ/QCTtmo1m8=">AAADTXicfVLLbhMxFHWnQEt4tbBkMyKqxAJFM20RbCqKYMEGqUSkrZSJIttzJ7Hix2B7IJHlz2ABC/gOvoI1H8IOITwzQZAUcaUZHZ/7OvfapOTM2CT5thFtXrp8ZWv7aufa9Rs3b+3s3j41qtIU BlRxpc8JNsCZhIFllsN5qQELwuGMzJ7V/rO3oA1T8rVdlDASeCJZwSi2gRoeZjRXNn54tJ+Md7pJL2ksvgjSJeg++fKhto8n493oQZYrWgmQlnJszDBNSjtyWFtGOfhOVhkoMZ3hCQwDlFiAGblGs4/3ApPHhdLhkzZu2L8zHBbGLAQJkQLbqVn31eS/fMPKFo9Hjsmy siBp26ioeGxVXC8gzpkGavkiAEw1C1pjOsUaUxvW1NnLmkxnMZ+NRQhQxq+SU8B5iPSdTibhHVVCYJm7jJACC8YX3mX1QKG1ypmcuIFvzq3TEaJ47rNwX0FDzfvVKhbmlhA/TEfuT8lu6kPYcwhL1vAyDPyUl1NMwLqsHp+EhNBmWdsJ7+S6uBwKeBOUGRuWpIG3jcKf ybAHKLx3R349qe9/13d9v6az/z/n3Lf1mzt1GoKouffhfaXrr+kiON3vpQe9/VdJ9/gQtbaN7qJ76D5K0SN0jF6gEzRAFCn0Hn1Cn6Ov0ffoR/SzDY02ljl30Iptbv0CUEAgMw==</latexit>

+20
<latexit sha1_base64="26AjiZ2jwOixrBycuglAEnUlihA="> HiDz3u359aS+/13f9f2azv7/nHPf1m/u1JWAoube4/uK11/TaXDU243v7fZeRN39+6S1TXKT3CK3SUwekH3yjBySAeFkQt6R9+RD8Cn4EnwNvrWhwcYy5wZZseDnLzvkHck=</latexit>

≡ 11x2 + 13x+ 21 mod x
3
− 1

<latexit sha1_base64="76hBZwKD9QFqjJVxDhYDhjnIVxY="> 51iAY5a9vQ7erJNLIIVTZGYdilSAWgzCtzSoA6Qh+N2wXnQYfvf3h2GN5+H/gpOw6D8/U18AkpqEgPcrWr9N552jdjPqNNtvW429J2Rhm+QOuUcekIg8JXvkNTkgXSLIR/KZfCFfK9+r29Xb1buL1MrGsmabrFh15xf2yiWV</latexit>

+ +

… this is circular convolution!

4 3 2

1 -1 5

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>

x
2

<latexit sha1_base64="bK/rRO5d+aFFaKlD8TkZ88hw9jQ=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunh9MNnt9nv9xuKzIFmB7uMvn2r7fDTZi+6mWcErBdpxSa0dJf3SjT01TnAJoZNWFkrK53QKI4SaKrBj34gN8T4yWZwXBj/t4ob9O8NTZe1SMYxU1M3spq8m/+UbVS5/OPZCl5UDzdtG eSVjV8T15HEmDHAnlwgoNwK1xnxGDeUO99PZT5tM76icTxQGFDaskzOgGUaGTifV8I4XSlGd+ZSxnCohl8Gn9UDYusiEnvphaM6t0zNWyCykeFGooebDehUHC8dYGCVj/6dkNwkY9gxwyQZe4MBPZDmjDJxP6/EZJmCbVW2vgteb4jLI4Q0qsw6XZEC2jfAvNO4B8hD8 o7CZNAi/6/tB2NA5+J9zEdr6zZ16AyhqEQK+r2TzNZ0Fxwe95F7v4GW/e3iftLZDbpHb5A5JyANySJ6TIzIknMzIe/KBfIy+Rt+jH9HPNjTaWuXcJGu2TX4BEYQeIw==</latexit>

x
1

<latexit sha1_base64="A+kcqFmGCKxM1v1uLgA87tCtvgY=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQ1QxIsEEMggUbpKGiMyM1pbKdm9aq7QTbgVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZqUU1vX737ai7XPnL1zcudS5fOXqteu7ezeObVEZ DkNeyMKcMmpBCg1DJ5yE09IAVUzCCZs/rf0nb8FYUehXblnCWNGpFrng1NVUunidTHa7/V6/sfgsSFag+/jLp9o+H032ortpVvBKgXZcUmtHSb90Y0+NE1xC6KSVhZLyOZ3CCKGmCuzYN2JDvI9MFueFwU+7uGH/zvBUWbtUDCMVdTO76avJf/lGlcsfjr3QZeVA87ZR XsnYFXE9eZwJA9zJJQLKjUCtMZ9RQ7nD/XT20ybTOyrnE4UBhQ3r5AxohpGh00k1vOOFUlRnPmUsp0rIZfBpPRC2LjKhp34YmnPr9IwVMgspXhRqqPmwXsXBwjEWRsnY/ynZTQKGPQNcsoEXOPATWc4oA+fTenyGCdhmVdur4PWmuAxyeIPKrMMlGZBtI/wLjXuAPAT/ KGwmDcLv+n4QNnQO/udchLZ+c6feAIpahIDvK9l8TWfB8UEvudc7eNnvHt4nre2QW+Q2uUMS8oAckufkiAwJJzPynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18OpR4i</latexit>

x
0

<latexit sha1_base64="cz149/uis8eFqLCoJeRcFhMGmNs=">AAADRnicfVLLjtMwFPVkeAzlNQNLNhHVSCxQlQxIsEEMggUbpKGiMyM1pbKdm9aq7QTbhVaWf4Etjz/hD/gFfoIdYstNUgTtIK6U6Pjc17nXZpUU1iXJt61o+9z5Cxd3LnUuX7l67fru3o1jW84N hwEvZWlOGbUghYaBE07CaWWAKibhhM2e1v6Tt2CsKPUrt6xgpOhEi0Jw6moqW7xOxrvdpJc0Fp8F6Qp0H3/5VNvno/FedDfLSz5XoB2X1NphmlRu5KlxgksInWxuoaJ8RicwRKipAjvyjdgQ7yOTx0Vp8NMubti/MzxV1i4Vw0hF3dRu+mryX77h3BUPR17oau5A87ZR MZexK+N68jgXBriTSwSUG4FaYz6lhnKH++nsZ02md1TOxgoDShvWySnQHCNDp5NpeMdLpajOfcZYQZWQy+CzeiBsXeZCT/wgNOfW6RkrZR4yvCjUUPNhvYqDhWMsDNOR/1OymwYMewa4ZAMvcOAnsppSBs5n9fgME7DNqrZXwetNcTkU8AaVWYdLMiDbRvgXGvcARQj+ UdhM6off9X0/bOjs/8+5CG395k69ARS1CAHfV7r5ms6C44Neeq938DLpHt4nre2QW+Q2uUNS8oAckufkiAwIJ1PynnwgH6Ov0ffoR/SzDY22Vjk3yZptk18Lxh4h</latexit>
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a. Warmup: PCA 

b. Classical sketches 

c. Structured sketches 

2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

TensorSketch: complexity analysis

124

Convolution Theorem (for circular convolutions * )

F(g ∗ h) = F(g)F(h) i.e. g ∗ h = F
−1

(

F(g)F(h)
)

Discrete Fourier Transform (implemented via FFT)

O(n(1) + n(2) + m log m) vs O(n(1)n(2))

If n = n(1)n(2)
· · · n(q) · · ·

O(n(1) + n(2) + . . . + n(q) + m log m) vs O(n(1)n(2)
· · · n(q))

Savings grow as we have more tensor products

CountSketch applied naivelyCountSketch applied as TensorSketch

small CountSketches polynomial multiplication via FFTs

Complexity:

pointwise multiplication
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125

Convolution Theorem (for circular convolutions * )

F(g ∗ h) = F(g)F(h) i.e. g ∗ h = F
−1

(

F(g)F(h)
)

O(n(1) + n(2) + m log m) vs O(n(1)n(2))

If n = n(1)n(2)
· · · n(q) · · ·

O(n(1) + n(2) + . . . + n(q) + m log m) vs O(n(1)n(2)
· · · n(q))

Savings grow as we have more tensor products

CountSketch applied naivelyCountSketch applied as TensorSketch

small CountSketches polynomial multiplication via FFTs

Complexity:

T : R
n → R

m

<latexit sha1_base64="6IiZW/QsvYoDtTAAEhN17NHONEs=">AAADjXicbVLLbhMxFHUTHiU82sISCY2IKrGKMkWICvEoAgk2SG3UtJUyIbI9dxIrtmewPZTI8pIFX8M2bPgPvoGf4M4kiCbFkkd3zj334XMvK6Swrtv9tdFoXrl67frmjdbNW7fvbG3v3D2xeWk4 9Hkuc3PGqAUpNPSdcBLOCgNUMQmnbPqm8p9+BmNFro/drIChomMtMsGpQ2i03U4UdRNOpT8O0bMo6X3UUWLEeOKoMfl5BShkdTvd+kSXjXhptF/9nB/9/vpgfjjaafSSNOelAu24pNYO4m7hhp4aJ7iE0EpKCwXlUzqGAZqaKrBDX78mRLuIpFGWG7zaRTV6McJTZe1M MWRWvdt1XwX+zzcoXbY/9EIXpQPNF4WyUkYujyppolQY4E7O0KDcCOw14hNqKHcoYGs3qSO9o3I6UkjIbVgFJ0BTZIZWK9FwznOlqE59wlhGlZCz4JPqQVg6T4Ue+36o/xdOz1gu05DgJLGHCg+rWRx8cYyFQTz0/1K244C0t4AiG/iAD34tiwll4Hw9VoYBWGaZ26vg 9XpzKWTwCTuzDkUyIBeF8Cs06gBZCP5FWA/qhb/5fS+s9dlbc6JEF8ZTOYzNLIpfT7hmWm4ivKJwK+NauoYeStzPgFsYr+/cZeNkrxM/7uwdddsH+2RxNsl98pA8IjF5Sg7Ie3JI+oSTb+Q7mZMfza3mk+bz5ssFtbGxjLlHVk7z3R/CozR1</latexit>

n = n(1)
· n(2)

<latexit sha1_base64="ZsOE65Yv2CqZGIkThUj4v14ckRQ="></latexit>

vs O(n(1)
n
(2)

m)

generic dense matrix multiply
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a. Warmup: PCA 

b. Classical sketches 
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2. Applications 

a. Warmup: linear algebra 

b. K-means clustering 

c. Tensor factorizations 

d. Gradient-free optimization

TensorSketch: applying to matrices

126

form A = A(1)⊗A(2)⊗· · ·⊗A(N),
∏ ∏

TA = FFT−1





(

N
⊙

n=1

(

FFT

(

S
(n)

A
(n)

))"

)"




Khatri-Rao product

Recall the Kronecker product:

v = v
(1) ⊗ v

(2)From vector case                       to matrix case

A⊗ B =











a11B a12B · · · a1JB

a21B a22B · · · a2JB

.

.

.

.

.

.

.
.
.

.

.

.

aI1B aI2B · · · aIJB











=

[

a1 ⊗ b1 a1 ⊗ b2 a1 ⊗ b3 · · · aJ ⊗ bL−1 aJ ⊗ bL

]

A ! B =

[

a1 ⊗ b1 a2 ⊗ b2 · · · aK ⊗ bK

]

a ◦ b =

(

a
!
" b

!
)!

<latexit sha1_base64="75/SRUIh7L59D1dwZGxMve/OClI=">AAADwXicbVLLbhMxFHUbHiU82sKSjaGKVFSpypQF3VQqKgs2lUpEmkqZENmeO4lVjz3YHiCy/Fks+RDWbOETkLgzSdUmxZKt63PPffhc81JJ57vdn2vrrTt3793feNB++Ojxk82t7afnzlRWQF8Y ZewFZw6U1ND30iu4KC2wgisY8MuT2j/4AtZJoz/6WQmjgk20zKVgHqHx1iAtmJ/yPLBIUyGtoFcAj/SIpgpyv0uvSZ9Sb0qamsz4G8wFauVk6l81l/HWTne/2yx620gWxs7xi/bp3t7f72fj7fVemhlRFaC9UMy5YdIt/Sgw66VQENtp5aBk4pJNYIimZgW4UWgUiLSD SEZzY3FrTxv0ZkRghXOzAt/UqZt2q74a/J9vWPn8cBSkLisPWswL5ZWi3tBaTppJC8KrGRpMWIm9UjFllgmPorc7aRMZPFOX4wIJxsVlcAosQ2Zst1MNX4UpCqazkHKes0KqWQxp/SAsbTKpJ6Efm/vcGTg3KospTh97qPG4nMXDN895HCajcJ1yJ4lIewcosoVTfPBb VU4ZBx/m88QALLPIHYoY9GpzGeTwGTtzHkWyoOaF8JQadYA8xnAUV4N68Sp/6MWVPnsrTpToxnhqh3W5Q/GbCTdMJyzFLUu/NK6FaxSgEkxF/IXJ6p+7bZwf7Cev9w8+4Hc8JPO1QZ6Tl2SXJOQNOSbvyRnpE0F+kF/kN/nTOmnJVtmyc+r62iLmGVlarfAPdwZJAA== </latexit>

Observe

and with some work,

pointwise multiplication (aka Hadamard product)

<latexit sha1_base64="2AC2DiqX3ihDa+cGjAz7frcemZ8=">AAAFDXicdVTNbtQwEHbbBcry18KRS8SqUpFQtan4u1QUqAAJWsqKbSs2S2Unk661jhNipzSy/AxcuMJDIHFDXHkGHoI7Bw5Mkq0g2dZSosnMN9/8OiwRXOlu9+fM7FzrzNlz8+fbFy5eunxlYfHq joqz1Ie+H4s43WNUgeAS+pprAXtJCjRiAnbZ+HFh3z2EVPFYvtZ5AsOIHkgecp9qVL157niaR6CcF/sLne5KtzzOtOBOhM6DPxtrT76Mf2/vL8798oLYzyKQ2hdUqYHbTfTQ0FRzX4BtL3mZgoT6Y3oAAxQlxUBDU+ZsnSXUBE4Yp/hI7ZTa9kket4JDnqiJ81Hl/T/Q 0EipPGJIGVE9Uk1boTzJNsh0eH9ouEwyDdKvMgoz4ejYKTrlBDwFX4scBeqnHKty/BFNqa+xn1hd6Wk0FeP9CAGxsnXlCGiASNtuexLe+3EUURkYj7GQRlzk1nhF5Rg6Drg8MH1bfldGw1gsAuvhYDGHQm/rLBqONGN24A7NP8qOaxG2ATiOFDax4IciGVEG2nhF+Qwd MMyE20TWyGZyAYTwDjNTGpuUgqgC4ZtL7AOE1po123Tq2WN+07ONPHsNY90qbRWgnKrpQVCk1GDYOgHz1iyv3rS2aPjp0M1MMEhTbPRWkzOqAV8KfghPUwBZNKVJmtTjxzkVj0QG1iRN1lORW1OkR8ddCc2RxdXDHQtDSPEqldehPQUuRlZseSwKh7o9r9vzpp3hBtA6 xitV9XF4ekRFaKoalM4FeCFuu3GtWcVe4w/Cbf4OpoWd1RX37sqdV93O+m1SnXlyndwgy8Ql98g6eUa2SZ/4RJKP5BP53PrQ+tr61vpeQWdnJj7XSO20fvwFZQXV3w==</latexit>

K × L
<latexit sha1_base64="LuhmcJvoC0QZFJDFlbTgeUekx+s=">AAAFDXicdVRLb9QwEHbbBcryauHIJWJVqUio2lS8LhUFKl5SS1mxbcVmqexk0rXWcULslEaWfwMXrvAjkLghrvwGfgR3DhyYJFtBsq2lRJOZb755OiwRXOlu9+fM7FzrzNlz8+fbFy5eunxlYfHq joqz1Ie+H4s43WNUgeAS+pprAXtJCjRiAnbZ+HFh3z2EVPFYvtZ5AsOIHkgecp9qVL157niaR6CcF/sLne5KtzzOtOBOhM6DPxtrT76Mf2/vL8798oLYzyKQ2hdUqYHbTfTQ0FRzX4BtL3mZgoT6Y3oAAxQlxUBDU+ZsnSXUBE4Yp/hI7ZTa9kket4JDnqiJ81Hl/T/Q 0EipPGJIGVE9Uk1boTzJNsh0eH9ouEwyDdKvMgoz4ejYKTrlBDwFX4scBeqnHKty/BFNqa+xn1hd6Wk0FeP9CAGxsnXlCGiASNtuexLe+3EUURkYj7GQRlzk1nhF5Rg6Drg8MH1bfldGw1gsAuvhYDGHQm/rLBqONGN24A7NP8qOaxG2ATiOFDax4IciGVEG2nhF+Qwd MMyE20TWyGZyAYTwDjNTGpuUgqgC4ZtL7AOE1po123Tq2WN+07ONPHsNY90qbRWgnKrpQVCk1GDYOgHz1iyv3rS2aPjp0M1MMEhTbPRWkzOqAV8KfghPUwBZNKVJmtTjxzkVj0QG1iRN1lORW1OkR8ddCc2RxdXDHQtDSPEqldehPQUuRlZseSwKh7o9r9vzpp3hBtA6 xitV9XF4ekRFaKoalM4FeCFuu3GtWcVe4w/Cbf4OpoWd1RX37sqdV93O+m1SnXlyndwgy8Ql98g6eUa2SZ/4RJKP5BP53PrQ+tr61vpeQWdnJj7XSO20fvwFUnPV2w==</latexit>

I × J


