
APPM 4490/5490
“Theory of Machine Learning”

Prof. Becker, spring 2026
Student projects

Student backgrounds: 
‣ Applied Math (BS, MS, PhD) 
‣ Math (BA) 
‣ Computer Science (BS, MS, PhD) 
‣ (and double-majors)

Forming and Analyzing 
Spherical Random Features 

(Livia Betti)

Tight Bounds for Learning 
Polyhedra with a Margin 

(Adithya Bhaskara)

4.2 Positive Definite Functions on the Sphere

In this section, we define what it means to be positive definite on the sphere, which will be needed for
the statement of the spherical analog of Bochner’s Theorem (Schoenberg’s Theorem). Following the
conventions in Xu [2018], we state this definition for arbitrary dimensions.
Definition 6. A function k : Sd→1 → Sd→1 ↑ R is positive definite if for all distinct point sets
X = {x1, . . . ,xn} ↓ Sd→1 and all n ↔ N, the matrices {k(xi,xj)}i,j are positive semidefinite.

Note to the reader: According to my research, this is the kernel theoretic convention for positive
definite (even though it seems like the definition should be positive semi-definite...). Maybe this was
related to some of the confusion we had in class?

4.3 Schoenberg’s Theorem

The above form of the expansion is guaranteed by the spherical analog of Bochner’s Theorem, known
as Schoenberg’s Theorem [Schoenberg, 1938, 1942]. We first state Schoenberg’s theorem in it’s
general form, and then we state the specific version for S2:
Theorem 2. Let d ↗ 1 be a fixed integer. A continuous function f : [↘1, 1] ↑ R is such that the
kernel K(x,y) = f(≃x,y⇐) is positive definite on Sd if and only if

f(x) =
↑∑

n=0

bn,d
C

(d→1)/2
n (x)

C
(d→1)/2
n (1)

, bn,d ↗ 0,
↑∑

n=0

bn,d < ⇒, (7)

where C
ω
n denotes the Gegenbauer polynomial of degree n with parameter ω = (d↘ 1)/2.

In our case, we’re interested in this theorem on S2. In the above theorem, when d = 2, the parameter
is ω = 1

2 and C
1/2
n (x) = Pn(x) with Pn(1) = 1, so the normalised Gegenbauer polynomials reduce

to the Legendre polynomials. The addition theorem for spherical harmonics (referenced above) then
gives the following specialization.
Theorem 3 (Schoenberg’s theorem on S2). Let k be a continuous, zonal kernel on S2. Then k is
positive definite on S2 if and only if

k(≃x,y⇐) =
↑∑

l=0

al Pl(≃x,y⇐) =
↑∑

l=0

al
4ε

2ϑ+ 1

l∑

m=→l

Y
m
ε (x)Y m

ε (y), al ↗ 0,
↑∑

l=0

al < ⇒,

(8)
where Pl are the Legendre polynomials and Y

m
ε the spherical harmonics.

Proof. We prove this for real spherical harmonics, as that is what we will use in our work. For this,
the addition theorem holds (without the conjugate).

( ⇑= ) Suppose k(x · y) =
∑

ε aεPε(x · y) with aε ↗ 0. For any points x1, . . . ,xN ↔ S2 and
coefficients c1, . . . , cN ↔ R,

∑

i,j

cicj k(xi · xj) =
∑

i,j

cicj

↑∑

ε=0

aε
4ε

2ϑ+ 1

ε∑

m=→ε

Y
m
ε (xi)Y

m
ε (xj)

=
↑∑

ε=0

aε
4ε

2ϑ+ 1

ε∑

m=→ε

(
∑

i

ciY
m
ε (xi)

)2

↗ 0,

so k is positive definite.

( =⇓ ) Suppose k is positive definite. Since k is continuous and zonal, the above expansion of zonal
kernels gives

k(x · y) =
↑∑

ε=0

aε Pε(x · y), aε =
2ϑ+ 1

2

∫ 1

→1
Pε(t)k(t) dt.
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Tight Bounds for Learning Polyhedra with a Margin
Exposition on the April 16 Result of Patel and Vempala [2026]

Adithya Bhaskara∗

April 28, 2026

Abstract

In this report, we explore the recent result of Patel and Vempala [2026] and provide
exposition building to their Theorem 1. Our goal is to prioritize intuition and high-level
understanding over absolute rigor, so in our presentation, we may skip proofs as appropriate
and skim through some details.

Patel and Vempala [2026] provide an algorithm to (ω, ε)-PAC learn intersections of k

halfspaces, when given the promise that all negative points are at least ϑR distance below
some halfspace. Their algorithm runs in time

poly

(
k,

1

ω
,
1

ϑ

)
exp

(
O

(√

n log

(
1

ϑ

)
log k

))
,

which is an improvement on existing work that has an exponential dependence on either k

or 1
ω . Their algorithm also extends to continuous distibutions, where the promise is instead

that most points are at least distance ϑ away from the polyhedron (Theorem 3).
The main ideas behind their algorithm are to find a special halfspace satisfying two

nice properties, use it to get a weak learner, and finally apply standard boosting results.
The main takeaway is that transforming geometric assumptions about the input space to
geometric results on the space of the hypothesis class is fruitful.
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When Risk Bounds Become Risky: Rademacher 
Complexity in Non-IID Settings 

(Chloe Chung)

Ênω(Y, 0), is an unbiased estimator of its expectation to get an intermediate bound, with
probability at least 1→ε, for the true loss in terms of the empirical loss, expected supremum,
and the confidence term.

Next, in order to obtain Rademacher random variables so that the expected supremum
can be bounded using Rademacher complexity, the symmetrization step is performed. A
‘ghost sample’ S → = (X →

i, Y
→
i )

n
i=1, a second imaginary dataset containing independent random

variables distributed identically to the original training sample is introduced alongside the
training sample. Because the ghost sample (X →

i, Y
→
i ) and the training sample (Xi, Yi) are

IID, h(X →
i, Y

→
i ) → h(Xi, Yi) is symmetric around zero. As a result, multiplying each term

by an independent Rademacher random variable ϑi ↑ {→1,+1} does not change the joint
distribution. This distributional invariance is called exchangeability. It is a stronger prop-
erty than identical distribution alone (which, on its own, is insu!cient for exchangeability).
Note that IID samples are inherently exchangeable; their joint distribution factors as a
product of marginals. As covered in class, Rademacher complexity measures how well a
function class can fit noise points. Therefore, intuitively, it follows that the interpretability
of Rademacher complexity as a meaningful measure of complexity relies upon and requires
that the Rademacher random variables ϑi and the underlying sample data both be indepen-
dent of each other. Without this independence, high correlation can reflect genuine pattern
complexity or just the function class exploiting a shared structure with ϑ with no way of
discerning between the two purely by looking at the quantity. Because both the training
sample and the ghost sample are IID and, therefore, exchangeable, the i-th pair in S and S →

(i.e., (Xi, Yi) and (X →
i, Y

→
i )) can be swapped. Applying this swap and splitting the resulting

sum yields the following:

E
[
sup

h↑ω̃↓F
(Eh→ Ênh)

]
↓ 2E

[
sup

h↑ω̃↓F

1

n

n∑

i=1

ϑih(Xi, Yi)

]
↓ Rn(ω̃ ↔ F).

This concludes Bartlett and Mendelson’s proof of Theorem 8. The symmetrization step
e"ectively shifts the complexity measure from a theoretical expectation to a data-dependent
correlation with random noise.

5 Critical Analysis
Having examined the proof structure, we now examine the role of the IID assumption.
Theorem 8 relies on IID in two distinct places, that being exchangeability, which allows for
the symmetrization step, and independence, which is explicitly stated in the hypothesis of
McDiarmid’s inequality. In realistic machine learning settings where the IID assumption is
violated, such as the Markov-reliant data which is foundational to reinforcement learning,
both conditions simultaneously fail, meaning the resulting bound is no longer guaranteed to
hold or is vacuous.

To demonstrate that the bounds derived in Theorem 8 can become vacuous in non-IID
settings, consider a strongly correlated Markov chain with states 0 and 1 where the transition
probabilities are P(Xi = 1|Xi↔1 = 1) = 1 → ϖ and P(Xi = 0|Xi↔1 = 0) = 1 → ϖ for small ϖ.
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Generalization Bounds for Low-Rank 
Adaptation via Covering Numbers 

(Imad Dar)

term that must be computed numerically, producing a bound but not a formula. Existing work on the
expressive power of LoRA [6] characterizes which functions LoRA can represent, but representation
and generalization are orthogonal: a hypothesis class can be expressive yet generalize poorly, or
restricted yet generalize well, and small-r LoRA is conjecturally the latter.

Contributions. This paper closes that gap with a direct, covering-number argument. Specifically:

1. A covering number bound for the bilinear set {BA : →B→F ↑ sB, →A→F ↑ sA} in Frobenius norm,
with metric entropy scaling as r(d+ k) log(sBsA/ω) (Lemma 4.2).

2. A Rademacher complexity bound for the LoRA hypothesis class scaling as Õ(
√
r(d+ k)/n)

(Theorem 4.5), compared to Õ(
√
dk/n) for unconstrained fine-tuning.

3. A closed-form sample complexity corollary (Corollary 4.7) and the rank selection rule r
ω ↓

n/(d+ k).

4. Empirical validation on DistilBERT/SST-2 across a (r, n) grid, confirming the rank-dependence
predicted by the bound and isolating a mismatch between the theorem’s bounded-loss setting
and the cross-entropy metric used in practice (Section 5).

Why covering numbers. Three classes of generalization argument are available for this problem.
PAC-Bayes is tight but, as noted, opaque to r. VC-dimension and pseudo-dimension arguments do
not interact gracefully with the bilinear constraint !W = BA. Covering numbers, in contrast, admit
a direct product-cover argument that turns the bilinear structure into an additive log-cardinality
bound, yielding the desired r(d+ k) scaling in closed form. We trade some numerical tightness for
full interpretability — the right trade for a paper whose goal is to explain a phenomenon rather
than to compete on numerical bound values.

2 Background

2.1 LoRA

Fix a pretrained model with weight matrix W0 ↔ Rd→k that maps inputs x ↔ Rk to features
W0x ↔ Rd. Standard fine-tuning replaces W0 with a learned W ↔ Rd→k, requiring dk trainable
parameters and ”(dk) storage per task. LoRA instead writes

W = W0 +!W, !W = BA, B ↔ Rd→r
, A ↔ Rr→k

, r ↑ min(d, k),

trains only B and A, and discards or merges them at inference time. The construction is initialized
with B = 0 and A ↗ N (0,ε2

I), so !W = 0 at the start of training; learning therefore begins
exactly at the pretrained model’s outputs and proceeds by accumulating a low-rank correction.

The parameter savings are substantial. With r = 8 and d = k = 1024, LoRA introduces
r(d+ k) = 16,384 trainable parameters per matrix, against dk = 1,048,576 for full fine-tuning — a
64↘ reduction. For the practical question of fine-tuning a 7B-parameter model, the same reduction
transforms a 21 GB optimizer state into a 330 MB one and turns per-task storage from infeasible
into routine.

2

Physics-Informed System 
Identification for Aerospace: 
Generalization in a Low-Data 

Regression Problem 
(Brice Gillespie)

Figure 1: Training and test mean squared error for the four models in the main experiment.

Figure 1 reinforces the numerical table: the linear, unrestricted quadratic, and reduced structured
models are all fairly close on the primary run, while the ridge-regularized quadratic model is clearly
separated from the others.

The sample-size study provides a broader view than the single-run comparison. For very small
training sets, the unrestricted quadratic model performed worst among the non-ridge methods, with
average test MSE near 0.19 at n = 10, which is consistent with overfitting in the smallest-data
regime. The reduced structured model also began with elevated error at very small n, but its
performance improved rapidly as the training set grew. The linear model remained relatively stable
throughout, while the ridge model stayed consistently worse than the other three methods, remaining
near 0.09 even as n increased to 120. Once the sample size reached approximately 30 to 40, the linear,
quadratic, and reduced structured models all clustered in the range of 0.04 to 0.05 test MSE, with
the reduced structured model retaining a slight advantage.
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Learning Nonlinear Dynamical Systems from 
a Single Trajectory with Dependent Data 

(Andy Gusty)

Estimator. We estimate ωω via empirical risk minimization:

LT (ω) :=
1

T

T→1∑

t=0

(xt+1 → fω(xt))
2,

and define
ω̂ = arg min

ω↑Rp
LT (ω).

This corresponds to least-squares regression on dependent data, where inputs are generated by
a single trajectory rather than independent samples.

4 Main Result

We now state our main result, which provides a finite-sample bound on the parameter estimation
error for a nonlinear feature-based model learned from a single dependent trajectory. The proof
combines ideas from [2] with martingale concentration tools from [4] that are accessible at the level
of this course, which will give us a di!erent (although likely less sharp) bounds than that found in
[2].

Theorem 2 (Finite-Sample Identification Error). Under the stated assumptions, for any ω ↑ (0, 1),
with probability at least 1→ ω,

↓ω̂ → ωω↓22 ↔ 2L2ε2p log(2p/ω)

ϑ2T
.

Proof. We proceed in several steps.

Step 1: First-order optimality. The empirical risk

LT (ω) =
1

T

T→1∑

t=0

(xt+1 → ω↓!t)
2

is convex and di!erentiable in ω. Thus, the minimizer ω̂ satisfies the first-order condition

↗LT (ω̂) = 0.

Computing the gradient yields

1

T

T→1∑

t=0

!t
(
xt+1 →!↓

t ω̂
)
= 0.

Substituting the model
xt+1 = !↓

t ω
ω + wt,

the optimality condition implies,

1

T

T→1∑

t=0

!t!
↓
t (ω̂ → ωω) =

1

T

T→1∑

t=0

!twt.

Equivalently,

GT (ω̂ → ωω) =
1

T

T→1∑

t=0

!twt.
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A Brief Survey of Sequential 
Rademacher Complexity 

(Chris Guthrie)

Implicit Bias of Adam vs. SGD: Margin Geometry, 
Simplicity Bias, and Spurious Correlations 

(Vishwas Kothari)

Wasserstein K-means++ 
Clustering Algorithm 

(James Hyun)

1. In statistical learning, we often lean on ERM as a “default optimal” algorithm, but we have
no such default algorithm in online learning. How does sequential Rademacher complexity
interact with this di!erence between the settings? Is the non-constructive approach less useful
in online learning because it provides no guidance on practical algorithms? Or might it shed
some light on the algorithms as well?

2. Is sequential Rademacher complexity a notion which depends on the particular comparator
class, or does it work for arbitrary types of regret?

3 Definition of Sequential Rademacher Complexity

Recall the definition of classical Rademacher complexity:

R̂(F → (z1, . . . , zm)) = Eω→Radm

[
sup
f↑F

m∑

i=1

ωif(zi)

]
(7)

In the non-sequential case, we measure how well our function class F fits the given dataset across
all possible counterfactual “flips” of directionality at each point – i.e., how well the function class
can adjust if the loss function at some subset of points were to point in the opposite direction.

But in the sequential case, we aren’t fitting the entire dataset at once – we’re fitting it online,
interactively. A sequential version of Rademacher complexity should therefore measure how well
F fits the history across possible “flips” of directionality at each timestep. Critically, any such flip
may a!ect not only the loss of our prediction function at that timestep, but the entire remaining
trajectory of adversarial data samples.

To encapsulate the dependence of future samples on previous samples, sequential Rademacher
complexity uses binary trees, represented by sequences (z1, . . . , zT ), where each element zi repre-
sents an entire layer of the tree of depth i, as a function zi : {±1}i↓1

↑ Z. The adversarial response
to a flip in directionality, from 1 to ↓1 or vice-versa, is encoded as going down another path in the
tree. As such, a path through the tree is encoded by a sequence ω = (ω1, . . . ,ωT ) ↔ {±1}T , and a
node in the tree can be identified by zi(ω), which is shorthand for zi(ω1, . . . ,ωi↓1).

z1()

z2(1)

z3(1, 1)

z4(1, 1, 1) z4(1, 1,↓1)

z3(1,↓1)

z4(1,↓1, 1) z4(1,↓1,↓1)

z2(↓1)

z3(↓1, 1)

z4(↓1, 1, 1) z4(↓1, 1,↓1)

z3(↓1,↓1)

z4(↓1,↓1, 1) z4(↓1,↓1,↓1)

Figure 1: A Z-valued tree z of depth 4, with highlighted path ω = (1,↓1, 1, . . .). At each depth,
the left branch corresponds to ωt = 1 and the right branch to ωt = ↓1.

The “empirical” sequential Rademacher complexity then, is defined not with respect to a sin-
gle sequence of outcomes, but rather with respect to an adversarial strategy z for responding to
Rademacher flips:

R̂T (G, z) := Eω→RadT

[
sup
g↑G

1

T

T∑

t=1

ωtg(zt(ω))

]
(8)
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Last, I equip W1 (for simplicity, p “ 1) to the empirical measure in (6) to a graph-valued dataset.
In one dimension, the W1 has the following result.

Proposition 1. Let G “ pV,Eq and G1 “ pV 1, E 1q with |V | “ n and |V 1| “ m such that n ‰ m.
Via embedding ! in (6), define

µG “ 1

n

nÿ

i“1

ωxi and µG1 “ 1

m

mÿ

j“1

ωyj ,

where xi “ degpiq
!G

P r0, 1s and yj “ degpjq
!G1 P r0, 1s are the normalized degrees of nodes i P V and

j P V 1. Here, a degree means the number of incident edges at a node and ”G is the maximum
degree in a graph G. Then

W1pµG, µG1q “
!

1

0

ˇ̌
ˇ̌ 1
n

nÿ

i“1

rxi,8qptq ´ 1

m

mÿ

j“1

ryj ,8qptq
ˇ̌
ˇ̌dt.

Proof. Since xi and yj are normalized, µG, µG1 P P pr0, 1sq. Computing the CDF of µG,

F ptq “
! t

´8
dµG “ 1

n

nÿ

i“1

! t

´8
dωxi “ 1

n

nÿ

i“1

rxi,8qptq.

Similarly, the CDF of µG1 is Gptq “ 1

m

"m
j“1 ryj ,8qptq. Using the one-dimensional closed form,

W1pµG, µG1q “ }F ´ G}L1pr0,1sq “
!

1

0

ˇ̌
ˇ̌ 1
n

nÿ

i“1

rxi,8qptq ´ 1

m

mÿ

j“1

ryj ,8qptq
ˇ̌
ˇ̌dt.

Hence, it is proved.

Figure 1: Two Barabási-Albert random graphs BA(300, 2) and BA(500, 3) (left) and their CDFs
of empirical measures (right). The area between two CDFs corresponds to W1 « 0.038.

In a higher dimension, the Wasserstein distance between µG and µG1 is defined as

W1pµG, µG1q “ min
ωP”pµG,µG1 q

ÿ

i,j

}xi ´ yj}Rdεij. (8)

It is known that the convex problem (8) has Opmaxtn,mu3 lnpmaxtn,muqq computational com-
plexity ([6]), making the computation infeasible for large graphs. There are two techniques to
reduce the computational complexity: the approximation using the Sinkhorn algorithm ([3], [7])
and the dimensionality reduction using the Radon transform ([5]).

3

Proof mechanism: Adam as approximate sign descent. The Adam optimizer maintains two
exponential moving averages for each coordinate j:

m
(t)
j = ω1m

(t→1)
j + (1→ ω1)g

(t)
j , (15)

v
(t)
j = ω2v

(t→1)
j + (1→ ω2)(g

(t)
j )2, (16)

where g
(t)
j = εL/εϑj is the gradient at step t. The parameter update is:

ϑ
(t+1)
j = ϑ

(t)
j → ϖ

m
(t)
j√

v
(t)
j + ϱ

. (17)

The division by
√
v
(t)
j is the crucial operation. Consider what happens when ϱ = 0 and the moving

averages have converged (i.e., the gradient is approximately constant across recent steps):

m
(t)
j√
v
(t)
j

↑
g
(t)
j√

(g(t)j )2
=

g
(t)
j

|g
(t)
j |

= sign(g(t)j ). (18)

Therefore, Adam’s update becomes:
ϑ
(t+1)

↑ ϑ
(t)

→ ϖ · sign(↓L(ϑ(t))). (19)

This is exactly sign descent, which by Proposition 4 is steepest descent in the ς↑ norm.

From steepest descent to max-margin. The unifying principle connecting both theorems is:

Steepest descent in norm ↔ · ↔p on the logistic loss with separable data

converges in direction to the ςp-max-margin classifier.

This principle, formalized by Gunasekar et al. (4), explains both results:

• GD = steepest descent in ς2 =↗ converges to ς2-max-margin.
• Adam ↑ sign descent = steepest descent in ς↑ =↗ converges to ς↑-max-margin.

Why the KKT conditions differ. The ς2-max-margin problem (4) is a QP whose KKT conditions
give ϑ̂2 =

∑
i φiyixi with most φi = 0 (only support vectors have φi > 0). This means ϑ̂2 is a

sparse combination of data points, concentrating weight on a few directions.

The ς↑-max-margin problem (5) is an LP. At the optimal solution, the constraint ↔ϑ↔↑ ↘ 1 is
typically active on multiple coordinates—meaning many coordinates hit ±1. This forces the solu-
tion to use many features with equal magnitude, spreading weight across coordinates rather than
concentrating it.

Technical assumptions. Theorem 6 requires: (i) full-batch gradient computation (not stochastic);
(ii) ϱ = 0 in the Adam update; (iii) linear separability; (iv) appropriate step size. In practice,
stochastic Adam with ϱ > 0 may not exactly converge to the ς↑ solution, but the qualitative bias
toward sign descent and ς↑ geometry persists.

2.4 Simplicity Bias: SGD Learns Simple Features, Adam Learns Rich Features

The margin convergence results (Theorems 5 and 6) are proven for linear models. Vasudeva et
al. (3) extend the analysis to neural networks, showing that the different margin geometries lead to
qualitatively different feature learning behavior.

Setup. Consider a two-layer ReLU network:
f(W ;x) = a

↓
↼(Wx), (20)

where W ≃ Rm↔d is the trainable weight matrix, a ≃ Rm is a fixed output layer (random ±1
signs, not trained), ↼(·) = max(0, ·) is the ReLU activation, and m ⇐ d (overparameterized). The
network is trained from small random initialization (↔W (0)↔ = O(↽) with ↽ ⇒ 1).
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Daily SPY Market Direction Prediction with Randomized Weighted
Majority
Bao Nguyen

Department of Applied Mathematics
University of Colorado Boulder

bao.nguyen-2@colorado.edu

Abstract

We approach financial market forecasting through the lens of online learning and frame market direction prediction as
a binary classification problem. Using SPY to represent the overall U.S. stock market, we apply the randomized weighted
majority algorithm to adaptively combine the daily predictions of six trading strategies as simple directional experts. This online
learning approach guarantees sublinear regret relative to the best expert in hindsight, ensuring that average regret vanishes over
time. To empirically validate this framework, we backtest the algorithm on daily SPY data from April 2024 to April 2026. Over
this two-year period, the online learner closely tracks the best-performing fixed expert, achieving a final expected regret well
below the theoretical worst-case bound. These results demonstrate that the randomized weighted majority algorithm provides
a simple and grounded approach for market prediction, while also highlighting the distinction between minimizing directional
classification errors and real-world trading performance.

1 Introduction
Machine learning has been becoming increasingly important in finance as companies are investing heavily in tools to improve
research, prediction, and decision-making. However, traditional batch-learning approaches often struggle with the reality of
financial markets in which the data is sequential and highly non-stationary. As new information arrives and market regimes
shift, static predictive models trained on historical data quickly degrade. Thus, online learning serves as a natural and powerful
framework for financial forecasting. By treating market direction prediction as an ongoing sequential process, online learning
algorithms continuously update their strategies in real time, adapting to new conditions, rather than relying on a fixed rule
chosen in advance.

This project asks whether the randomized weighted majority algorithm can adaptively combine a finite set of simple market-
direction experts and achieve low regret relative to the best fixed expert in hindsight. This question is formulated as an online
binary classification problem and is investigated through daily SPY market-direction prediction, where the learner updates
expert weights sequentially as daily adjusted closing SPY prices arrive. The problem is considered to be non-trivial because
market conditions evolve over time, so simple trading strategies such as momentum, mean reversion, and other directional
rules may each perform differently across periods. Motivated by this setting, this project makes three main contributions: it
formulates daily SPY market-direction prediction as an online learning problem, applies the randomized weighted majority
algorithm to a finite set of simple experts, and compares the empirical backtesting results with the theoretical guarantees shown
in the paper. As such, the following section provides background on online learning and explains how this project connects to
the core concepts developed in the Theory of Machine Learning course.
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where dist(x, x̂) is some distance function that measures the di!erence between the ideal and denoised image,
e.g. mean squared error. The final step is to minimize Lω with respect to ω. One of the most common methods
for doing so is to apply stochastic gradient descent on small batches of training pairs (xk,yk) and then exploit
back-propagation [2]. In the next section, our chosen penalty function is a score-matching function, following
the methods and proofs of Chung et al. [5]. As a brief aside, note that the above procedure outlines the steps
for ε known. In the case that ε is unknown (known as blind denoising), there exists variants of the above
method that rely on a more brute-force learning approach to construct the denoiser Dω [2]. The principal
di!erences of such variations is that one needs to produce a sequence of noisy versions yε

k of varying values
ε within some sensible range, and then minimize a loss function that integrates over all noise levels.

Score-Based Di!usion Models

Having outlined the general framework for denoising using deep learning, we now transition to focus on a
particular type of model that has proven highly successful as a generative inverse problem solver: di!usion
models. The main idea when using a di!usion model is to define a generative process that is the reverse of
the noising process. Before going any further, though, we must briefly clarify some necessary terminology.
A standard one-dimensional Wiener process is defined as a stochastic process {Wt}t→0 such that all of the
following hold [6]:

1. W0 = 0 almost surely.
2. The function t → Wt is almost surely continuous in t.
3. The process {Wt} has stationary, independent increments.
4. The increment Wt+s ↑Ws has normal distribution N (0, t).

A d-dimensional Wiener process is a stochastic process

{Wt}t→0 =

{(
W (1)

t ,W (2)
t , . . . ,W (d)

t

)T
}

t→0

↓ Rd

where each component W (i)
t is a one-dimensional Wiener process. With these definitions in mind, we now

consider the Îto stochastic di!erential equation (SDE) that represents the data noising process x(t). This
so-called forward SDE is of the form

dx = ↑ϑ(t)

2
x dt+

√
ϑ(t) dw, (4)

where t ↓ [0, T ] for some T > 0 and x(t) ↓ Rd satisfies (4) for all t. The function ϑ(t) : R → R+ (with
R+ denoting the set of strictly positive real numbers) is the noise schedule of the process, typically taken
to be a monotonically increasing linear function of t, and w is a d-dimensional Wiener process. The data
distribution is defined when t = 0, i.e. x0 ↔ pdata, whereas a tractable distribution (such as an isotropic
Gaussian) is achieved when t = T . The goal is to recover the data generating function x0 starting from
some tractable distribution xt. To this end, we can use corresponding reverse SDE, which is given by the
following [7]:

dx =

[
↑ϑ(t)

2
↑ ϑ(t)↗xt log pt(xt)

]
dt+

√
ϑ(t) dw̄. (5)

Here, dt now represents the backward running of time, with dw̄ now denoting the standard Wiener process
running backward. The drift function in (5), which is given by

f(x, t) = ↑ϑ(t)

2
↑ ϑ(t)↗xt log pt(xt),

depends on a time-dependent score function ↗xt log pt(xt). This can be approximated by a neural network
sω, which is trained using denoising score matching [8]:

ω↑ = argmin
ω

Et↓Unif(ϑ,1),x(t)↓p(x(t)|x(0)),x0↓pdata

[
↘sω(x(t), t)↑↗xt log p(x(t)|x(0))↘22

]
.

The value ϖ in the above minimization problem is a set non-negative constant of magnitude near zero. In
the following section, we will examine the role the trained neural net sω in solving inverse problems.
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Figure 4: The margin loss illustrated in red, defined with respect to margin parameter ω = 0.7.

For z → ω, confidence is considered high and !ω(z) returns zero loss, while a negative z ↑ 0

returns a loss of one. For 0 < z < ω, loss decreases linearly as 1↓ z
ω

For a given sample S = {(xi, yi)}mi=1, Mohri [1] defines the empirical ω-margin loss as:

R̂S,ω(h) =
1

m

m∑

i=1

!ω(z).

which measures the average margin-based loss over the sample. This leads to generalization

bounds that can be expressed in terms of the empirical margin loss. Specifically, bounds on

R(h) can be derived in terms of R̂S,ω(h) and a complexity term that depends on the margin

parameter ω.

While Mohri [1] introduces the ω-margin loss as a way to incorporate classification con-

fidence into the analysis, optimizing this loss directly is challenging due to its piecewise and

non-smooth structure. More importantly, the ω-margin loss does not naturally fit into the

framework of convex empirical risk minimization, which is central to modern learning theory.

Shalev-Shwartz and Ben-David [2] address this by introducing the hinge loss as a convex

surrogate:

εhinge(y, f(x)) = max(0, 1↓ y ↔ f(x)).
which preserves the key qualitative behavior of the margin loss: it penalizes both misclassified

points and points with low confidence, while assigning zero loss to points with su”ciently large

margin. Crucially, the hinge loss is convex and Lipschitz, allowing it to be analyzed within

the framework of regularized empirical risk minimization.

In Shalev-Shwartz [2], the SVM is interpreted as an empirical risk minimization problem

over the hinge loss:

min
w

(
ϑ↗w↗2 + 1

m

m∑

i=1

εhinge(yi, f(xi))

)
,

where ϑ > 0 controls the tradeo# between the two terms.

Under this formulation, SVM can be analyzed within the framework of regularized empiri-

cal risk minimization over the class of linear predictors with bounded norm. Following Shalev-

Shwartz and Ben-David [2], we assume that the input space is bounded, i.e., ||x|| ↑ ω ↘x ≃ X .

This assumption ensures that the hinge loss is Lipschitz continuous which allows us to derive

generalization bounds within this context. Shalev-Shwartz [2] also restricts our attention to

classifiers satisfying ||w|| ↑ B ≃ R which limits the complexity of the hypothesis class.

Under these assumptions, Shalev-Shwartz [2] show that the expected classification error

of the learned classifier satisfies

E[L0/1(A(S))] ↑ min
→w→↑B

Lhinge(w) +

√
8ω2B2

m
.
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gradient descent (SGD).
Chapter 14 of [3] (part of the course) gives an analysis of SGD for convex-

Lipschitz-bounded problems. It also discusses variants such as projection steps,
variable step sizes, and averaging that can improve performance. However, all
of this analysis only takes into account the Euclidean geometry of the param-
eter space. When the loss landscape is highly curved or otherwise irregular—
common in deep neural networks—the flaws with Euclidean steps show through,
motivating a more geometry-aware approach.

3 Background on Fisher Information and Infor-
mation Geometry

Neural networks can be seen as parametrizing a conditional distribution pω(y|x).
When comparing two di!erent parametrizations, it can be more intuitive and
useful to look at the di!erence in output distributions instead of the Euclidean
distance between the parametrizations themselves →ω→ ↑ ω→2. The standard
information-theoretic measure of this di!erence is the Kullback-Leibler (KL)
divergence

DKL(p→q) = Ex↑p

[
log

p(x)

q(x)

]
.

A second-order Taylor expansion around εω = 0 gives the local quadratic ap-
proximation

DKL(pω→pω+εω) ↓
1

2
εω

↓
F (ω)εω,

where the Fisher information matrix

F (ω) = Ex↑pω

[(
↔ω log pω(x)

)(
↔ω log pω(x)

)↓]

is the “metric tensor” of the statistical manifold of distributions. F (ω) is posi-
tive semi-definite and is the covariance of the “score” function ↔ω log pω. This
(Riemannian) geometry is the foundation of natural gradient methods.

4 Derivation of the Natural Gradient

Consider the constrained optimization problem that finds the direction of steep-
est descent with respect to KL distance:

εω
↔ = argmin

εω
↔ωL(ω)

↓
εω subject to DKL(pω→pω+εω) ↗ ϑ.

Using the local quadratic approximation of the KL divergence and a Lagrange
multiplier ϖ > 0 gives the Lagrangian

L(εω,ϖ) = ↔ωL(ω)
↓
εω + ϖ

(
1
2εω

↓
F (ω)εω ↑ ϑ

)
.
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Theorem 2.1 (Compression bound [1]). Let Gs = {gA, s |A → A}, where A is all sets of q parameters, each of which can
take on r discrete values, and s is a helper string. Let S be a training set of size m. If a classifier f is (ω, S)-compressible
via Gs, with helper string s, then ↑A → A s.t. with high probability over S,

L0(gA, s) ↓ L̂ω(f) +O

(√
q log r

m

)

Proof. The justification provided by the paper is split across the main text and appendix, with either di!erent symbols used
for the same things or the same symbols used to mean di!erent things across sections, making it hard to read. This theorem
also constitutes the “main idea” of the paper, so it is worth restating more cleanly and with most of the missing steps filled
in.

For fixed A, L̂0, S(gA, s) is an average of iid bounded random variables with mean L0(gA, s). The authors use a “Cherno!
bound,” which turns out to be Hoe!ding’s inequality (B.6 in [2]). So, for some compressed model gA, s (fixed A), we have

D
m
({

S :
∣∣∣L̂0, S (gA, s)↔ L0 (gA, s)

∣∣∣ ↗ ε

})
↓ 2 exp(↔2mε

2)

Since A consists of q parameters with r discrete values, we have |A| = r
q. By a union bound, we have

D
m

(
⋃

A→A

{
S :

∣∣∣L̂0, S (gA, s)↔ L0 (gA, s)
∣∣∣ ↗ ε

})
↓ 2rq exp(↔2mε

2) = 2 exp
(
q log(r)↔ 2mε

2
)

We want to pick ε that forces the failure probability to be small, say ↓ ϑ. So,

2 exp
(
q log(r)↔ 2mε

2
)
↓ ϑ

q log(r)↔ 2mε
2
↓ log(ϑ/2)

2mε
2
↗ q log(r)↔ log(ϑ/2)

ε ↗

√
q log(r) + log(2/ϑ)

2m

So, w.p. 1↔ ϑ, for all A → A we have
L0 (gA, s) ↓ L̂0, S (gA, s) + ε

We assumed f was (ω, S)-compressible, so ↑A → A s.t. for any (x, y) → S, we have ↘f(x)↔ gA, s(x)↘↑ ↓ ω. So, let (x, y) → S

(importantly, y is the true label). For any j ≃= y, compressibility gives

gA, s(x)y ↗ f(x)y ↔ ω and gA, s(x)j ↓ f(x)j + ω

So,

gA, s(x)y ↔ gA, s(x)j ↗ [f(x)y ↔ f(x)j ]↔ 2ω

↗ marginf (x, y)↔ 2ω

Suppose marginf (x, y) > 2ω. Then we have gA, s(x)y > gA, s(x)j for any j ≃= y, in which case gA, s makes a correct prediction.
By contrapositive,

argmax
j

gA, s(x)j ≃= y =⇐ marginf (x, y) ↓ 2ω (1)

Recall that in definition 2.1, if we set ω = 0 then l0(f ; z) reduces to the 0-1 loss: marginf (x, y) ↓ 0 ⇒⇐ f(x)y ↓

maxj ↓=y f(x)j . From the implication in 1, we can reason for any (x, y) → S that

[argmax
j

gA, s(x)j ≃= y] ↓
[
marginf (x, y) ↓ 2ω

]

[
marging(x, y) ↓ 0

]
↓

[
marginf (x, y) ↓ 2ω

]

Averaging over all samples z, we obtain
L̂0, S(gA, s) ↓ L̂2ω, S(f)

Yielding the final bound

L0 (gA, s) ↓ L̂2ω, S (f) +

√
q log(r) + log(2/ϑ)

2m
(2)

This is similar to the bound presented in the paper (theorem 2.1). The omission of the ϑ dependence is a bit hand-wavy but
one way to achieve it is to observe that

q log(r) + log(2/ϑ) ↓ [1 + log(2/ϑ)]q log(r) when q log(r) ↗ 1

Under these conditions, and holding ϑ constant to ensure “high probability” as stated in theorem,
√

q log(r) + log(2/ϑ)

2m
↓

√
1 + log(2/ϑ)

√
q log(r)

2m
= O

(√
q log(r)

m

)

Set ω↔ = 2ω and the same bound from 2.1 is obtained.
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Definition 2.1. ω-approximation: For constant ω > 0, a network N(x) ω-
approximates a multivariate function f(x) if supx |N(x)→ f(x)| < ω

Definition 2.2. Taylor-approximation: We say a network N(x) Taylor-

approximates a multivariate polynomial p(x) of degree d if p(x) is the dth order

Taylor polynomial (about the origin) or N(x)

It should be noted that if a network Taylor-approximates a homogeneous

polynomial, it also ω-approximates it. The converse is not necessarily true.

Now we can begin studying how the depth of a neural network a!ects its

ability to accurately learn a polynomial. First, the authors verify that a finite

number of neurons can approximate a polynomial of any degree, a somewhat

surprising result.

Theorem 1. Suppose that p(x) is a degree-d multivariate polynomial and that
the nonlinearity ε has nonzero Taylor coe!cients up to degree d. Let mω

k(p) be
the minimum number of neurons in a depth-k network that ω-approximates p.
Then, limω→0 mω

k(p) exists and is finite.

Finally, in order to more formally discuss depth-accuracy tradeo!s, the au-

thors defined the following:

Definition 2.3. Suppose that a nonlinear function ε is given. For p a multivari-

ate polynomial, letmuniform
k (p) be the minimum number of neurons in a depth-k

network that ω-approximates p for all ω arbitrarily small. Set muniform
(p) =

mink m
uniform
k (p). Likewise for mTaylor

k (p).

Now, we can specifically define deep or shallow networks based on the value

of k and compare the number of neurons needed for di!erent depth models.

Specifically, we will see that there is an exponential gap between the number

of neurons in a neural network of depth 1 and the number of neurons in the

best possible network for approximating polynomials with both ω and Taylor

approximation.

3 Main Theoretical Result

First, we investigate shallow networks, or neural nets with a single hidden layer.

For the uniform approximation of a monomial, exponentially more neurons are

needed for a single layer network than for the best possible network.

Theorem 2. Let p(x) denote the monomial xr1
1 xr2

2 ...xrn
n , with d =

∑n
i=0 ri.

Suppose that the nonlinearity ε has nonzero Taylor coe!cients up to degree 2d.
Then we have:

1. muniform
1 (p) =

∏n
i=1(ri + 1)

2. muniform
(p) ↑

∑n
i=1(7↓log2(ri) + 4)↔)
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Abstract

This project aims to discuss the theoretical framework of reproducing kernel Hilbert space (RKHS)
Transformations with regards to Kernel Methods, with a primary focus on explaining the theoretical
framework of [1]. In particular, we establish a proof of the Generalized Representer Theorem by building
on techniques discussed in class. Following that, this framework is applied to a particular problem of
learning the Cole–Hopf transformation, as examined by [1], including both the theoretical formulation of
the problem and some preliminary results.
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1 Introduction

A recurring idea in nonlinear dynamics is the inherent complexity present in the system. However, note that
this complexity may be simplified by making a clever variable transform. These clever variable transforms
may reveal some inherent structure to the system that is not immediately obvious. For example, a nonlinear
di!erential equation may become simpler after a change of variables, an embedding into a larger observable
space, or after transforming to spectral coordinates. A particular classical partial di!erential equation
(PDE) transform that is relevant to this project include the Cole–Hopf transformation for Burgers’ equation,
which converts the nonlinear, viscous Burgers’ equation into the linear heat equation.

The main purpose of this project is to explore methods to learn some of these transformations from
data. Some prevalent ideas in this field include: Koopman theory, delay embedding, and lastly, the focus
of this project, Gaussian process and reproducing kernel Hilbert space (RKHS) methods, which learns
transformations by solving regularized minimization problems.
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3 The Non-Convergence of Adam

Here we present a proof by counterexample that Adam does not always con-
verge. The condition ω1 <

→
ω2 does not appear directly in the proof, but

it is essential for the positivity of the final bound. Also, the recommended
values of ω1 = 0.9, ω2 = 0.999 satisfy this inequality condition.

Theorem 3.1. For any constant ω1, ω2 ↑ [0, 1) such that ω1 <
→
ω2, there is

a stochastic convex optimization problem for which Adam does not converge
to the optimal solution. (Theorem 3 in [Reddi et al., 2019])

Proof. Let ε > 0, and C be a large enough constant chosen based on ω1, ω2, ε.
Consider the following one dimensional stochastic optimization setting on
domain [-1,1]. At each time step t, the function ft(x) is chosen i.i.d:

ft(x) =

{
Cx with probability p = 1+ω

C+1

↓x with probability 1↓ p
.

Then we have E[ft(x)] = F (x) = εx. Notice here F (x) is convex and its
optimum point is x→ = ↓1. We claim that in this problem Adam does not
converge to the optimal solution.

At each time step t the gradient gt equals C with probability p and ↓1 with
probability 1↓ p. The step taken by Adam at time t is

xt+1 ↓ xt = !t =
↓ϑt(ω1mt↑1 + (1↓ ω1)gt)√

ω2vt↑1 + (1↓ ω2)g2t
.

We then want to show that we can find a large enough C such that E[!t] ↔ 0.

Let Et denote expectation conditioned on all randomness up to and including
time t↓ 1. We have

1

ϑt
Et[!t] = p · ↓(ω1mt↑1 + (1↓ ω1)C)√

ω2vt↑1 + (1↓ ω2)C2
+ (1↓ p) · ↓(ω1mt↑1 ↓ (1↓ ω1))√

ω2vt↑1 + (1↓ ω2)
.

Let

T1 =
↓(ω1mt↑1 + (1↓ ω1)C√

ω2vt↑1 + (1↓ ω2)C2

T2 =
↓ω1mt↑1√

ω2vt↑1 + (1↓ ω2)
, T3 =

1↓ ω1√
ω2vt↑1 + (1↓ ω2)

.
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